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One of the goals of algorithmic game theory is to  
develop efficient methods for predicting the behaviour 
of self-interested agents in a given scenario, or game. 
A common approach is to attempt to compute an  
(approximate) Nash equilibrium, a behaviour such 
that agents have little incentive to deviate. Yet this 
computation appears to be quite difficult in general. 
In this work, we define and study games that are  
approximation-stable, meaning that all approximate 
equilibria predict similar behaviour. By analysing 
their properties, we show that finding approximate 
equilibria is substantially easier in such stable games. 
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Introduction 

GAME theory studies the behaviour of rational agents  
interacting in a given scenario (known as a game). This 
long-studied field has vast applications in many branches 
of science, including economics, philosophy and more  
recently computer science. As an example, consider sev-
eral contractors bidding on a job for a client who will  
select the lowest bidder. This can be modelled as a game 
where each contractor is a player. Each player in a game 
has a set of strategies available to him/her; for example, 
the various bids a contractor could make. Players then  
individually choose one of their available strategies, and 
this combined choice then determines the payoffs that 
each player receives (e.g. which contractor gets the job and 
how much profit he makes). Players may also play mixed 
strategies which are probabilistic choices, such as ‘with 
probability 1/3 bid 100 and with probability 2/3 bid 200’. 
 One of the most important concepts in game theory is 
that of an equilibrium state of a game. This refers to a set 
of mixed strategies, one for each player, such that no 
player has any incentive to deviate unilaterally from his 
own strategy even knowing the mixed strategies used by 
all the other players. In his seminal work, Nash1,2 proved 
that every game has at least one such equilibrium (it 

could have many), now popularly known as a Nash equi-
librium. A closely related notion is that of an approxi-
mate Nash equilibrium, where the players have atmost a 
very small incentive to deviate. Approximate Nash equi-
libria are especially natural and relevant in games with 
mixed Nash equilibrium strategies, where the players 
probabilistically choose their actions. In such cases, play-
ers might not be able to perfectly estimate their expected 
gain for each action. Additionally, in many scenarios, the 
computation of an approximate Nash equilibrium can  
reveal interesting structure about the nature of the true 
Nash equilibria and in fact might be sufficient for the  
desired tasks at hand such as prediction of behaviour. 
 With the rise of the Internet, including electronic 
commerce and social networking, the problem of effi-
ciently computing Nash equilibria and approximate Nash 
equilibria has become increasingly important, in order to 
better predict how the participants can be expected to  
behave. As a first step towards this problem, substantial 
research has focused on two-player games where each 
player has n actions to select from3–6. One would ideally 
like to design algorithms whose running time depends 
polynomially on the complexity of the game. For exam-
ple, an algorithm whose running time grows as n2 can be 
fast even for games with thousands of actions. However, 
a running time of 2n, such as would be produced by enu-
merating all possible mixed-strategy support-sets, is pro-
hibitively large. Unfortunately, recent evidence suggests 
that substantially improving over 2n for computing a Nash 
equilibrium will be difficult even for general two-player 
games7,8. The situation for approximate Nash equilibria, 
however, is somewhat better, and there is an algorithm with 
running time nO((1/ε2) log n) due to Lipton et al.9 (the O(⋅)  
notation is used to hide multiplicative constant factors). 
This growth rate lies between polynomial and exponential. 
 The starting point of this work, in aiming to more effi-
ciently compute approximate Nash equilibria, is to notice 
that it makes sense to focus on games where all approxi-
mate equilibria are close to each other. Otherwise, pre-
diction of behaviour may not be possible even if the 
equilibria are known. If one focuses on such games, does 
the (approximate) equilibrium computation problem  
become easier? Here, we answer this question in the  
affirmative. 
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 We do this by showing that games that are approxima-
tion-stable, meaning that all approximate equilibria are 
close to a true equilibrium, satisfy important structural 
conditions. These conditions then allow us to compute 
approximate Nash equilibria significantly more effi-
ciently than the best guarantees known for general games.  
 We note that there has also been significant work on 
the complementary problem of approximate strategy-
proofness in mechanism design, where one would like to 
design the rules of an interaction so that some desired  
behaviour (such as truth-telling) is an approximate equi-
librium10–12. 

Definitions and preliminaries 

Games: The focus of this article is two-player n-action 
games. We will use R and C to denote the payoff matrices 
for the two players, called the row and column players  
respectively. The entry R[i, j] denotes the payoff which 
the row player gets if he chooses action i and the column 
player chooses action j. Similarly, the entry C[i, j]  
denotes the corresponding payoff for the column player. 
An example of a two-player two-action game is ‘match-
ing pennies’, where the players simultaneously make a 
binary choice (heads or tails), and R wins if the choices 
were the same and C wins if the choices were different. 
For this game, the R and C matrices are as follows 
 

 
1 0 0 1

, .
0 1 1 0

R C⎡ ⎤ ⎡ ⎤
= =⎢ ⎥ ⎢ ⎥
⎣ ⎦ ⎣ ⎦

 

 
We will use p and q to denote mixed (randomized) strate-
gies for the row and the column players respectively.  
Notice that any deterministic strategy is also a legal 
mixed strategy. We will use ei to denote the probability 
vector with a 1 in entry i, corresponding to the determi-
nistic strategy of always playing action i. For a given 
mixed strategy p, the support of p is the set of all actions 
which have non-zero probability under p. If the row and 
column players use strategies p and q respectively to play 
the game, then the expected payoff to the row player is 
pTRq and the corresponding payoff to the column player 
is pTCq. We will assume that all payoffs are scaled to the 
range [0, 1]. This scaling does not affect the nature of any 
equilibrium strategy. 
 
Definition 1 (Nash equilibrium). Consider a two-
player n-action game with payoff matrices R and C. A 
pair of mixed strategies (p, q) is a Nash equilibrium if for 
all rows i, we have eT

iRq ≤ pTRq, and for all columns j, we 
have pTCej ≤ pTCq. In other words, the players cannot 
improve their expected payoff by unilaterally switching to 
a different strategy. We will typically use (p*, q*) to  
denote a Nash equilibrium. Note that in a Nash equili-
brium (p*, q*), all rows i in the support of p* satisfy  

eT
i Rq* = p*Rq* and similarly, all columns j in the support 

of q* satisfy p*TCej = p*TCq*. 
 
Definition 2 (ε-approximate Nash equilibrium). Con-
sider a two-player n-action game with payoff matrices R 
and C and payoffs scaled in the range [0, 1]. For a given 
ε > 0, a pair of mixed strategies (p, q) is an ε-equilibrium 
if for all rows i, we have eT

iRq ≤ pTRq + ε, and for all col-
umns j, we have pTCej ≤ pTCq + ε. In other words, the 
players can increase their payoff by at most ε by unilat-
erally switching to a different strategy. Note that any 
Nash equilibrium (p*, q*) is an ε-approximate equili-
brium for ε = 0. 
 
To discuss the distance between mixed strategies, we use 
variation distance, which is the total amount of probability 
mass one would need to move to make one distribution 
equal to the other. Specifically we define 
 

 1( , ) | | max( , 0).
2 i i i i

i i
d q q q q q q′ ′ ′= − = −∑ ∑  (1) 

 
We then define the distance between two strategy pairs as 
the maximum of the row-player’s and column-player’s 
distances, that is: 
 

 d((p, q), (p′, q′)) = max[d(p, p′), d(q, q′)]. (2) 
 
We now present our main definition, namely that of a 
game being approximation-stable. 
 
Definition 3 (approximation stability). A game satis-
fies (ε, Δ)-approximation stability if there exists a Nash 
equilibrium (p*, q*) such that any (p, q) that is an  
ε-equilibrium is Δ-close to (p*, q*), i.e. d((p, q),  
(p*, q*)) ≤ Δ. 
 
We would often be interested viewing Δ as a function of 
ε. For a fixed ε, a smaller Δ means a stronger condition 
and a larger Δ means a weaker condition. Every game is 
(ε, 1)-approximation-stable, and as Δ gets smaller, we 
might expect for the game to exhibit more useful struc-
ture. Many natural games such as matching pennies and 
rock–paper–scissors satisfy (ε, Δ)-approximation-stability 
for Δ = O(ε); see the next section for analysis of a few 
simple examples. 
 All our results also apply to a weaker notion of  
approximation stability that allows for multiple equilibria, 
so long as moving distance Δ from any equilibrium pro-
duces a solution in which at least one player has ε incen-
tive to deviate. 

Some simple examples 

A number of natural small games satisfy (ε, Δ)-approxi-
mation-stability for every ε > 0 and for Δ = O(ε). Here, 
we give a few simple examples. 
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Game 1: In this simple game, the row and the column 
matrices are 2 × 2 as follows 
 

 
1 1 1 0

, .
0 0 1 0

R C⎡ ⎤ ⎡ ⎤
= =⎢ ⎥ ⎢ ⎥
⎣ ⎦ ⎣ ⎦

 

 
Here, the only Nash equilibrium (p*, q*) is for the row 
player to play row 1 and the column player to play col-
umn 1, which are dominant strategies. Any strategy that 
is at a distance Δ from p* will give the row player Δ  
incentive to deviate, regardless of the strategy of the col-
umn player. Similarly, any deviation of Δ from q* will 
give the column player Δ incentive to deviate regardless 
of the strategy of the row player. Hence, for every ε ∈ 
[0, 1], this game is (ε, Δ)-stable for Δ = ε. 
 
Game 2: We now consider the matching pennies game 
described earlier. Denoting the indicator vectors as e1 and 
e2, the Nash equilibrium (p*, q*) is equal to ((e1 + e2)/2, 
(e1 + e2)/2). We now show that for any strategy which is 
Δ far from (p*, q*), at least one player must have ε incen-
tive to deviate for ε = Δ((1 + 2Δ)/(1 + 4Δ)). 
 Specifically, let (p, q) be Δ-far from (p*, q*), and with-
out loss of generality assume d(p, p*) = Δ. We may  
further assume without loss of generality (by symmetry)  
that p = (1/2 + Δ)e1 + (1/2 – Δ)e2. Let q = (1/2 – Δ′)e1 + 
(1/2 + Δ′)e2 for Δ′ ∈ [–Δ, Δ]. In this case the row player 
is getting a payoff pTRq = (1/2 – 2ΔΔ′). Furthermore, he 
can move to row 2 and get payoff eT

2Rq = (1/2 + Δ′). 
Hence, the incentive to deviate is (e2 − p)TRq ≥ 
Δ′(1 + 2Δ). Similarly, the column player has payoff 
pTCq = (1/2 + 2ΔΔ′), whereas pTCe2 = (1/2 + Δ), and 
hence has at least Δ(1 − 2Δ′) incentive to deviate. The 
maximum of these two is at least Δ((1 + 2Δ)/(1 + 4Δ)) 
(with this value occurring at Δ′ = Δ/(1 + 4Δ)). Therefore, 
the incentive to deviate in any (p, q) that is Δ-far from 
(p*, q*) is at least this large. Solving for Δ as a function 
of ε, this game is (ε, Δ)-approximation-stable for 
Δ = ε + 2ε2. 
 
Game 3: Rock–paper–scissors. 
 

 
0.5 0 1 0.5 1 0
1 0.5 0 , 0 0.5 1 .
0 1 0.5 1 0 0.5

R C
⎡ ⎤ ⎡ ⎤
⎢ ⎥ ⎢ ⎥= =⎢ ⎥ ⎢ ⎥
⎢ ⎥ ⎢ ⎥⎣ ⎦ ⎣ ⎦

 

 
A case analysis (omitted) shows that this game is (ε, Δ)-
approximation-stable for Δ = 4ε, for any ε ≤ 1/6. 

Preliminaries 

Before presenting the main technical result we present  
a few preliminary facts that apply to any two-player  
general-sum game. 

Claim 1. If (p, q) is α-close to a Nash equilibrium (p*, 
q*) (i.e. if d((p, q), (p*, q*)) ≤ α), then (p, q) is a 3α-
Nash equilibrium. 
 
Proof. (see Appendix.)  
 
Claim 1 is useful because while it may be hard to deter-
mine how close some pair (p, q) is to a true equilibrium, 
it is easy to check how much incentive players have to 
deviate. Say that a Nash equilibrium (p*, q*) is non-
trivial if at least one of p* or q* does not have full sup-
port over all the rows or columns. Trivial Nash equilibria, 
if they exist, can be computed in polynomial-time using 
linear programming. We then have 
 
Claim 2. For any nontrivial Nash equilibrium (p*, q*) 
and any α > 0, there exists (p, q) such that d((p, q),  
(p*, q*)) ≥ α and (p, q) is an α-approximate equilibrium. 
 
Proof. Without loss of generality, assume that p* does 
not have full support. Let ei be a row not in the support of 
p*. Consider a pair of distributions (p, q*) where p = 
(1 − α)p* + αei. Since i was not in the support of p*,  
(p, q*) has variation distance α from (p*, q*). Yet, in  
(p, q*), with probability (1 – α) both the players are play-
ing their best responses to each other. Hence, no player 
has more than α incentive to deviate.  
 
Corollary 1. Assume that the game G satisfies (ε, Δ)-
approximation-stability and has a non-trivial Nash equi-
librium. Then we must have Δ ≥ ε. 

The support of equilibria in stable games 

A structural result of Lipton et al.9 shows that for a two-
player game with n actions available to each player, there 
always exists, for each player, a multiset of actions of 
size at most O((1/ε2) log n) with the following property: if 
the strategy of each player is to choose an action uni-
formly at random from his/her respective sets and play it, 
then the two strategies form an ε-approximate Nash equi-
librium. This gives an immediate nO((1/ε2) log n)-time algo-
rithm for computing ε-approximate equilibria and has 
also been shown to be existentially tight13. We now show 
that approximation-stable games have a structure that can 
be used to improve the efficiency of such algorithms for 
computing approximate equilibria. 
 
Theorem 1. For any game satisfying (ε, Δ)-approxi-
mation-stability, there exists an ε-equilibrium where each 
player’s strategy has support O((Δ/ε)2log(1 + 1/Δ)log n). 
 
Corollary 2. There is an algorithm to find ε-equilibria 
in games satisfying (ε, Δ)-approximation-stability, run-
ning in time nO((Δ/ε)2log(1 + 1/Δ)log n). 
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Let S = c(Δ/ε)2log n for some absolute constant c, and let 
(p*, q*) denote the Nash equilibrium such that all ε-
equilibria lie within distance Δ of (p*, q*). Theorem 1 is 
proven in stages. First, in Lemma 1 we show that given a 
pair of distributions (p, q), if p is near-uniform over a 
large support, then p can be written as a convex combina-
tion p = xp1 + (1 − x)p2, where p1 and p2 have disjoint 
supports, and for every column j, j’s performance against 
p1 is close to its performance against p2. This implies p* 
itself cannot be near-uniform over a large-sized support, 
since otherwise we could write it in this way and then 
shift Δ probability mass from p2 to p1, producing a new 
distribution p′ such that under (p′, q*), the column player 
has less than ε incentive to deviate (and the row player 
has zero incentive to deviate since supp(p′) ` supp(p*)). 
This contradicts the fact that the game is (ε, Δ)-
approximation-stable. We then build on this to show that 
if p* is not near-uniform and does have a large support, it 
must be well-approximated by a distribution of small 
support (roughly O(S log(1/Δ))). This analysis combines 
Lemma 1 together with the sampling idea of Lipton et 
al.9. The same, of course, applies to q*. For the rest of 
this section we assume that Δ ≤ 1/4. 
 
Lemma 1. For any distributions p and q, if p satisfies 
||p||22 ≤ 1/S, where S = c(Δ/ε)2log n for sufficiently large 
constant c, then p can be written as a convex combination 
p = xp1 + (1 – x)p2 of two distributions p1 and p2 over dis-
joint supports such that: 
 
(i) x ≤ 3/4 ≤ 1 – Δ. 
(ii) ∀j, (p1 – p)TC(ej – q) < ε/(4Δ). 
 
The point of Lemma 1 is that by (i) and (ii), modifying p 
by moving Δ probability mass from p2 to p1 can improve 
the performance of ej relative to q for the column player 
by at most ε. The proof of Lemma 1 makes extensive use 
of the Hoeffding bound. 
 
Theorem 2 (Hoeffding bound). Let Xi, i = 1, 2, …, n, 
be n random variables, such that ∀i, Xi ∈ [ai, bi]. Let 
μi = E[Xi]. Then for every t > 0 we have that 
 

 
2

2exp .
( )i i

i i i ii

tX t
b a

μ
⎛ ⎞⎡ ⎤
⎜ ⎟> + ≤ −⎢ ⎥ ⎜ ⎟−⎣ ⎦ ⎝ ⎠

∑ ∑ ∑
Pr  (3) 

 
Proof [Lemma 1]. Let r be a random subset of the sup-
port of p; that is, for every element in supp(p), add it to r 
with probability 1/2. Also, let Ci denote the ith entry of 
Cq. The idea of the proof is just to argue that for any  
column j, by the Hoeffding bound, with high probability 
over the choice of r, the distribution p1 induced by  
p restricted to r satisfies the desired condition that  
pT

1C(ej − q) is within ε/(4Δ) of pTC(ej − q). We then sim-
ply perform a union bound over j. 

 Fix column ej. Let Yij be the random variable defined as 
2pi(Cij – Ci) if element i was added to r, and 0 otherwise. 
Observe that E[∑i Yij] = 1/2∑i 2pi(Cij − Ci) = pTC(ej – q). 
Let Zi be the random variable defined as 2pi with proba-
bility 1/2 (if element i was added to r), and 0 otherwise. 
Observe E[∑i Zi] = 1. Observe also that for every i we 
have Zi, Yij ∈ [−2pi, 2pi]. 
 The obvious reason for defining Yij and Zi is that by 
denoting the distribution p restricted to r (renormalized to 
have L1 norm equal to 1) as pr, we have: 
 

 
( )

( ) ,i ij i ijT i r i
r j

i ii r i

p C C Y
p C e q

p Z
∈

∈

−
− = =

∑ ∑
∑ ∑

 (4) 

 
so by bounding the numerator from above and the  
denominator from below, we can hope to find r for which 
pT

rC(ej – q) < E[∑i Yij] + (ε/4Δ), thus decomposing p into 
the desired p1 = pr and p2 = .rp  We can do this using the 
Hoeffding bound and plugging the value of S. 
 

 ( )
10

T
ij j

i
Y p C e q ε⎡ ⎤

> − +⎢ ⎥Δ⎣ ⎦
∑Pr  

 

  
2 2

2 2
( /10 ) 1exp exp ,

2(4 ) (40 )i i

S
np

ε ε⎛ ⎞ ⎛ ⎞− Δ −⎜ ⎟< ≤ <⎜ ⎟⎜ ⎟⎜ ⎟ Δ⎝ ⎠⎝ ⎠∑
 

 
where the last inequality is by definition of S. Thus, 
Pr[∃j, ∑i Yij > pTC(ej − q) + (ε/10Δ)] < 1/2. Similarly (and 
even simpler), we have Pr[∑i

 Zi < 1 – (ε/(10Δ))] < 1/2, 
and so the existence of r for which both events do not 
hold is proven. Observe that for this specific r we have 
 

 
( ) /10

( )
1 /10

T
ij j Ti

j
ii

Y p C e q
p C e q

Z
ε

ε
− + Δ

≤ ≤ −
− Δ

∑
∑

 

 

     /5 ( ) ,
1 /10 4

T
jp C e qε ε

ε
Δ

+ ≤ − +
− Δ Δ

 

 
using the fact that pTC(ej – q) ≤ 1. Thus, we have the  
desired decomposition of p.  
 
Proof [Theorem 1]. We begin by partitioning p* into its 
heavy and light parts. Specifically, greedily remove  
the largest entries of p* and place them into a set H (the 
heavy elements) until either (a) Pr[H] ≥ 1 – 4Δ, or (b) the 
remaining entries L (the light elements) satisfy the condi-
tion that ∀i ∈ L, Pr[i] ≤ 1/S Pr[L] for S as in Lemma 1, 
whichever comes first. We analyse each case in turn. 
 If case (a) occurs first, then clearly H has at most 
S log(1/4Δ) elements. We now simply apply the sampling 
argument of Lipton et al.9 to L and combine the result with 
H. Specifically, decompose p* as p* = βpH + (1 – β)pL, 
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where β denotes the total probability mass over H. The 
sampling argument of Lipton et al.9 now implies by sam-
pling a multiset X of S elements from supp(pL) = L, we 
are guaranteed, by definition of S, that for any column ej, 
|(UX)TCej – pT

LCej
 | ≤ (ε/8Δ), where UX is the uniform dis-

tribution over X. This means that for p  = βpH + (1 – β)UX, 
all columns ej satisfy | p*TCej − p TCej

 | ≤ ε/2. We have 
thus found (the row portion of) an ε-equilibrium with 
support of size S(1 + log(1/4Δ)) as desired, and now  
simply apply the same argument to q*. 
 If case (b) occurs first, we show that the game cannot 
satisfy (ε, Δ)-approximation-stability. Specifically, let pL 
denote the induced distribution produced by restricting p* 
to L and renormalizing so that ∑i

 (pL)i = 1, then ∑i
 (pL)2

i ≤ 
1/S ∑i

 (pL)i = 1/S. Using Lemma 1, we can write pL as a 
convex combination: pL = xp1 + (1 – x)p2 of p1 and p2 sat-
isfying the properties of Lemma 1. Again, by denoting β 
as the total probability mass over H, we have 
 
 p* = βpH + (1 – β)xp1 + (1 – β)(1 – x)p2, (5) 
 
where pH is the induced distribution over H. We now con-
sider the transition from p* to p′ defined as 
 
 p′ = βpH + ((1 – β)x + Δ)p1 + ((1 – β)(1 – x) – Δ)p2. (6) 
 
Notice that by Lemma 1, x ≤ 3/4 and hence (1 – β) × 
(1 – x) – Δ ≥ (1 – β)/4 – Δ ≥ 0, so p′ is a valid probability 
distribution. Also, since p1 and p2 are distributions over 
disjoint support, p′ is Δ far from p*. Note that since p′ is 
obtained from an internal deviation within the support of 
p*, the row player has no incentive to deviate when play-
ing p′ against q*. So, if the game is (ε, Δ)-approximation-
stable, then playing p′ against q* must cause the column 
player to have more than ε incentive to deviate. However, 
by transitioning from p* to p′, the expected gain of 
switching from q* to any ej is 
 
 p′TC(ej – q) = (p* + Δ(p1 − p2))TC(ej − q*) 
 
       ≤ Δ(p1 – p2)TC(ej – q*) 
 
     (since p*TCq* ≥ p*TCej). 
 
From Lemma 1 we know that for every column j,  
(p1 – pL)TC(ej – q*) < ε/4Δ. Also we have that p2 = (pL – xp1)/ 
(1 – x). Using this we can write Δ(p1 – p2)TC(ej − q*) = 
(Δ/(1 – x))(p1 – pL)TC(ej – q*) < (Δ/(1 – x))(ε/4Δ) ≤ ε, where 
the last step follows from x ≤ 3/4. So the column player 
has less than ε incentive to deviate, which contradicts the 
fact that the game is (ε, Δ)-approximation-stable. 

Polynomial-time algorithms when Δ and ε are  
close 

While in the previous section we show that one can get 
some advantage over the previously best known results in 

the case of approximation stable games, we now show 
how to get a dramatic advantage for Δ ≤ 2ε. More for-
mally, we prove that if Δ ≤ 2ε – 6ε2, then there must exist 
an O(ε)-equilibrium where each player’s strategy has sup-
port O(1/ε). Thus, in this case, for constant ε, we have a 
polynomial-time algorithm for computing O(ε)-equilibria. 
 
Theorem 3. For any game satisfying (ε, Δ)-approxi-
mation-stability for Δ ≤ 2ε – 6ε2, there exists an O(ε)-
equilibrium where each player’s strategy has support 
O(1/ε). Thus, O(ε)-equilibria can be computed in time 
nO(1/ε). 
 
Proof. Let (p*, q*) be a Nash equilibrium of the game. 
First, if there is no set S of rows having a combined total 
probability mass x ∈ [Δ, Δ + ε] in p*, then this implies 
that except for rows of total probability mass less than Δ, 
all rows in the support of p* have probability greater than 
ε. Therefore, p* is Δ-close to a distribution of support at 
most 1/ε. If this is true for q* as well, then this implies 
(p*, q*) is Δ-close to a pair of strategies (p, q) each of 
support ≤ 1/ε, which by Claim 1 and the assumption 
Δ < 2ε, is an O(ε)-equilibrium as desired. So, to prove the 
theorem, it suffices to show that if such a set S exists, 
then the game cannot satisfy (ε, Δ)-approximation-
stability for Δ ≤ 2ε – 6ε2. 
 Therefore, assume for contradiction that p* can be 
written as a convex combination 
 
 p* = xp1 + (1 – x)p2, (7) 
 
where p1, p2 have disjoint supports and x ∈ [Δ, Δ + ε]. Let 
γ = pT

1Cq* – pT
2Cq* and let VC = p*TCq*. We now con-

sider two methods for moving distance Δ from p*: mov-
ing probability from p1 to p2, and moving probability 
from p2 to p1. Let 
 
 p′ = (x – Δ)p1 + (1 – x + Δ)p2 (8) 
 

  11 * .
1 1

p p
x x

Δ Δ⎛ ⎞ ⎛ ⎞= + −⎜ ⎟ ⎜ ⎟− −⎝ ⎠ ⎝ ⎠
 (9) 

 
Since p′ has distance Δ from p* and its support is con-
tained in the support of p*, by approximation-stability, 
there must exist some column ej such that p′TCej ≥ 
p′TCq* + ε. From eq. (8) we have p′TCq* = VC − Δ(p1 – p2)T × 

Cq* = VC – Δγ. From eq. (9) and the fact that p*TCej ≤ VC, 
we have p′TCej ≤ VC(1 + (Δ/(1 – x))). Therefore we have 
the constraint 
 

 1 .
1C CV V

x
γ εΔ⎛ ⎞+ ≥ − Δ +⎜ ⎟−⎝ ⎠

 (10) 

 
Now, consider moving Δ probability mass from p2 to p1. 
Specifically, let 
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 p″ = (x + Δ)p1 + (1 – x − Δ)p2 (11) 
 

  11 * .
1 1

p p
x x

Δ Δ⎛ ⎞ ⎛ ⎞= − +⎜ ⎟ ⎜ ⎟− −⎝ ⎠ ⎝ ⎠
 (12) 

 
Again, there must exist some column ek such that 
p″TCek ≥ p″TCq* + ε. From eq. (11) we have p″TCq* = 
VC + Δ(p1 – p2)TCq* = VC + Δγ. From eq. (12) and the fact 
that p*TCek ≤ VC, we have 
 

 1 .
1 1

T
k Cp Ce V

x x
Δ Δ⎛ ⎞′′ ≤ − +⎜ ⎟− −⎝ ⎠

 

 
Therefore, we have the constraint 
 

 1 .
1 1C CV V

x x
γ εΔ Δ⎛ ⎞− + ≥ + Δ +⎜ ⎟− −⎝ ⎠

 (13) 

 
From constraint (10) we have 
 

 
1CV

x
ε γΔ⎛ ⎞ ≥ − Δ⎜ ⎟−⎝ ⎠

 

 
and from constraint (13) we have  
 

 .
1 1CV

x x
γ εΔ Δ⎛ ⎞ ≤ − Δ −⎜ ⎟− −⎝ ⎠

 

 
Therefore, Δ/(1 – x) ≥ 2ε, contradicting Δ ≤ 2ε – 6ε2.  
 
We would like to point out that one can give a near-
matching lower bound to the results mentioned in the sec-
tion on support of equilibria in stable games, showing 
that there exist stable games in which the Nash equilib-
rium and all approximate equilibria have support Ω(log n). 
Formally, we have the following theorem whose proof is 
omitted. 
 
Theorem 4. For any Δ ≤ 1/2, there exists an (ε, Δ)-
approximation-stable game G for some ε > 0, such that 
all ε-equilibria have support Ω((Δ4/ε2) log n). 

Summary 

In this work we define and analyse a natural notion of 
stability for two-player games, motivated by the goal of 
finding approximate equilibria for predictive purposes. 
We show that many natural games satisfy our notion of 
approximation-stability. We then design an algorithm for 
computing an approximate Nash equilibrium in such sta-
ble games. We show that our algorithm runs faster on 
stable games and is no worse than previously proposed 
algorithms for general games. We also design polynomial 
time algorithms for computing approximate equilibria 

when the stability parameters Δ and ε are close to each 
other. Our future goal is to better understand for what 
values of Δ and ε can one find approximate equilibria  
efficiently. Recently, Balcan and Braverman14 have 
shown that this may be intrinsically hard for Δ ≥ 8ε1/4. 
More broadly, perhaps our notion of stability can shed 
light on the important problem of obtaining an efficient 
algorithm for finding approximate equilibria in general 
games. 
 
Appendix. Additional proofs 
 
Proof (Claim 1). Define pm

i
in = min(pi, p*i ) and pmin = 

(pm
1

in, ..., pm
n

in). So, p = pmin + p′, p* = pmin + p″, where 
∑i

 p′i ≤ α and ∑i
 p″i  ≤ α. Similarly, for q, q*, define qqmin, 

q′, q″. 
 Let vR = p*TRq* be the value to the row player in  
(p*, q*). Since (p*, q*) is Nash, we know eT

i Rq* ≤ vR for 
all rows i. We now show that the best response to q is at 
most vR + α. To see this, consider some row ei. The  
expected payoff is 
 
 min

, ,( )q
j i j j j i j

j j
q R q q R′= +∑ ∑  

 
     min

,( ) .q
j j i j Rq q R vα α′′≤ + + ≤ +  (14) 

 
The middle inequality holds because ∑j

 q′jRi,j ≤ α (since 
Ri,j ∈ [0, 1]), and the last because ∑j

 q″j Ri,j ≥ 0. 
 We now show that the expected payoff of p against q is 
at least vR – 2α. 
 

 **, ,
, ,

( )( )T
i j i j i i i j j j i j

i j i j
p Rq p q R p p p q q q R′′ ′ ′′ ′= = − + − +∑ ∑  

  (15) 
 

 * , ,
, ,

( ) ( )R i j j i j i i j i j
i j i j

v p q q R p p q R
⎛ ⎞⎛ ⎞

′′ ′ ′′ ′⎜ ⎟= + − + + − +⎜ ⎟⎜ ⎟⎜ ⎟⎝ ⎠⎝ ⎠
∑ ∑  

 (16) 
 

 *( ) ( ) 2 .R i j R
i j

v p q vα α α
⎛ ⎞⎛ ⎞

≥ + − + − = −⎜ ⎟⎜ ⎟ ⎜ ⎟⎝ ⎠ ⎝ ⎠
∑ ∑  (17) 

 
Thus, under (p, q), the row player has no more than  
3α incentive to deviate, and we have the analogous  
argument for the column player. So, (p, q) is a 3α-
equilibrium.  
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