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Roots to Research: A Vertical Deve-
lopment of Mathematical Problems  
(Indian Edition). Judith D. Sally and 
Paul J. Sally, Jr. American Mathematical  
Society, 201 Charles Street, Providence, 
Rhode Island 02904-2294, USA. 2012. 
xiii + 338 pp. Price not mentioned. 

 
This is an excellent book – and one with 
an apt title. As stated succinctly in the 
early pages of the book, the authors  
focus on five mathematical problems 
whose ‘origins lie in mathematics cov-
ered in elementary school curriculum’ 
and whose ‘development can be traced 
through high school, college and univer-
sity level mathematics’. The book is  
divided into five modules (each corre-
sponding to a problem) that can be read 
independently and I feel that the authors 
have done an exemplary job in providing 
roots to research by giving the reader  
a view of the ‘vertical development’ of 
these problems. 
 To get an insight into what vertical 
development really means, sample this – 
the set of all rationals is dense on the real 
line, which is a well-known fact. Taking 
this as the starting point, the authors  
observe, and also prove, that if pn/qn is a 
sequence of rationals converging to a 
real number r, then the sequence of de-
nominators qn must necessarily become 
arbitrarily large. This leads naturally to 
the study of how closely real numbers 
can be approximated by rationals that 
have a fixed bound on the growth of their 
denominators, i.e. the qn’s. This, in turn, 
leads to criteria that classify a given real 
number α as rational or irrational, alge-
braic or transcendental. To illustrate this 
point, take Dirichlet’s theorem which 
shows that α is (ir)rational precisely 

when there are (in)finitely many ration-
als p/q that satisfy  
 
 |α – p/q| < 1/q2. 
 
Next, the authors discuss and prove 
Liouville’s theorem which allows the 
construction of transcendental numbers 
and then indicate the more sophisticated 
contributions of Thue–Siegel–Roth. A 
surprising fact that emanates from this 
discussion is that the transcendental 
numbers are best approximated by  
rationals, while something more familiar 
as 2  is ‘badly approximable’. While 
the theorems of Thue–Siegel–Roth are 
not proved completely due to their com-
plexity, a very readable account of the 
main steps will surely succeed in moti-
vating the serious reader to approach the 
original papers or other sources with 
much confidence. All this and much 
more (such as implications of approxi-
mability by rationals to the continuity 
and differentiability of an interesting 
class of functions and an application of 
Thue’s theorem to Diophantine equa-
tions) form the contents of chapter 4 on 
‘Rational approximation’. 
 The other problems involve an arith-
metic game and questions related to the 
finiteness of its length, the search for a 
characterization of those positive ration-
als that are areas of right triangles with 
rational sides, lattice point geometry and 
finally, a study of those regions that can 
be obtained by reassembling all the pieces 
obtained by cutting up a given region. 
 The arithmetic game discussed in 
chapter 1 may be described as follows – 
start with a square, say A1B1C1D1 and 
place arbitrary non-negative integers, say 
a1, b1, c1, d1 at its vertices. Thus, a1 sits 
at A1, b1 at B1 and so on. Now form  
a new square, say A2B2C2D2 inside 
A1B1C1D1 such that A2 is the midpoint of 
the side A1B1, B2 is the midpoint of the 
side B1C1 and so on. The numbers to be 
placed at the vertices A2, B2, C2, D2 will 
be called a2, b2, c2, d2 and are determined 
by 
 
 a2 = |a1 – b1|, b2 = |b1 – c1|,  
 c2 = |c1 – d1| and d2 = |d1 – a1|. 
 
Note that a2, b2, c2, d2 are the absolute 
values of the difference of the two num-
bers on the respective adjacent vertices. 
The game continues in this inductive 
manner by constructing newer numbered 
squares, the numbers at the vertices  

being determined in this manner at each 
step. The game ends when a numbered 
square with zero at every vertex is obtai-
ned. Several questions naturally arise... It 
turns out that the right framework to un-
derstand the underlying mathematics is a 
nice mix of group theory and linear alge-
bra. Once this is done, the authors dis-
cuss the probability that the game ends in 
a given number of steps. Finally, they  
introduce the k-number game which is a 
variation on the earlier theme of four 
numbers. 
 A congruent number is a positive ra-
tional which is the area of a right triangle 
with rational sides. Chapter 2, which 
deals with congruent numbers, is rich in 
the breadth of topics that are covered and 
remarkable in terms of the interconnec-
tions that it establishes. Starting with the 
high-school version of the Pythagorean 
theorem, the discussion moves to Pytha-
gorean triples and then to a characteriza-
tion of those positive integers that are 
sums of two squares. Congruent numbers 
show up next and after a number of  
interesting preliminary observations, the 
authors connect them to the structure of 
the group of rational points on an elliptic 
curve. All of this is done rather beauti-
fully. 
 Chapter 3 on ‘Lattice point geometry’ 
starts by exploring the connection bet-
ween the area of a plane lattice polygon 
and the number of lattice points con-
tained in it by focusing on Pick’s theorem. 
Two very readable and self-contained 
proofs of this classical theorem are pre-
sented after which the discussion shifts 
to bounded planar convex regions and 
the number of lattice points contained in 
them. Relevant here is the theorem of 
Gauss that asymptotically describes the 
number of lattice points that lie inside 
circles of increasing radii. Coming thus 
far, it is only natural to talk about Min-
kowski’s theorem on the existence of  
lattice points in certain planar convex re-
gions and its generalizations to higher 
dimensions. The concluding remarks in-
clude a discussion of Ehrhart’s theorem – 
a generalization of Pick’s theorem to 
higher dimensions, which connects  
the volume of a k-dimensional lattice 
polytope to the so-called Ehrhart poly-
nomial. 
 Finally, let us recall the Bolyai–
Gerwien theorem which states that, given 
any two planar polygons with the same 
area, it is possible to cut one of them into 
convex polygonal pieces that can be rear-
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ranged to form the other. Two such poly-
gons are said to be congruent by dissec-
tion. Hilbert’s third problem asked 
whether such a phenomenon is valid in 

3. It turns out that this is false – the  
authors explain the counterexample of 
two tetrahedra in 3 with the same vol-
ume that are not congruent by dissection 
using the Dehn invariant. All of this 
forms the first half of chapter 5 on ‘Dis-
section’. The concluding part deals with 
set theoretic dissections and covers intri-
guing material such as the paradoxes of 

Hausdorff and Banach–Tarski and Bor-
suk’s problem. 
 The writing style is eminently clear 
and the discussions lead quickly into 
themes of current research in mathemat-
ics. Each module has a list of relevant 
references and exercises, thus making it 
suitable either for self-study by students 
at all levels or by teachers interested in 
supplementing standard classroom topics. 
Any effort put in to master even a few 
pages of these various modules is sure to 
yield rich dividends. The book as a 

whole should also appeal and prove 
valuable to the working mathematicians 
who wish to get a glimpse of what is 
known in areas other than their own. My 
verdict, if one is needed at all, is – two 
thumbs up! 
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Augusto Gansser (1910–2012) 
 
Augusto Gansser, a renowned Swiss  
geologist best known for his work in the 
Himalaya, who died on 9 January 2012, 
belonged to a generation of traditional 
geologists for whom field work was the 
real science and spirit of exploration, an 
artistic engagement with landscape, and 
the very way of a geologist’s life.  
Indeed, we owe the geologic maps and 
rock records of the planet to the pioneer-
ing field studies of those geologists. 
They also had the eyes and hands of an 
artist: Gansser’s books and papers are 
filled with superb photographs (taken by 
non-digital cameras of bygone days) and 
fine sketches of geological profiles, 
structures and stratigraphy. He meticu-
lously kept all of his field notebooks.  
Being ambidextrous, Gansser surprised 
his students by drawing sketches of geo-
logic features by both of his hands.  
Arduous field work in the remote parts of 
the world meant the genuine geology for 
Gansser’s generation. All these required 
patience, passion and intimacy with 
rocks, cliffs, river valleys and mountain 
trails and ridges. 
 Gansser was born on 28 October 1910 
in Milan, Italy, where his father, a Swiss 
industrialist, and his mother, a German, 
were then living. He was the eldest son 
of the family, which over the years  
included another son and three daugh-
ters. In 1914, shortly before World War 
I, the family moved to Lugano in south-
ern Switzerland, where Gansser grew up 
and went to school. He studied geology 
at the University of Zürich. In 1934, 

Gansser participated in a geological ex-
pedition to eastern Greenland but his 
ship ran into trouble and he returned to 
Zürich to continue his doctorate research 
under the supervision of the eminent  
Alpine geologist, Rudolf Staub (1890–
1961). Gansser’s field area was between  
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San Bernardino and Splügenpass in Kan-
ton Graubünden, southeast Switzerland 
(his thesis was published in Schweize-
rische Mineralogische und Petro-
graphische Mitteilungen, 1937, vol. 17). 
 In 1936, the young Gansser joined the 
Zürich geologist Arnold Heim (1882–
1965) on the first Swiss expedition to the 
Himalaya. This eight-month field trip, 

funded by the Swiss Science Society,  
resulted in two publications: A fascinat-
ing travelogue The Throne of the Gods 
(1938 in German, 1939 in English trans-
lation) and a research memoir Central 
Himalaya: Geological Observations of 
the Swiss Expedition 1936 (1939), which 
was a significant contribution to Himala-
yan geology. The areas Heim and Gans-
ser mapped and described were in the 
Kumaun Himalaya of India bordering 
Nepal and Tibet. While mapping in the 
Kali valley on the India–Nepal border, 
Gansser identified the Himalaya’s base-
ment rupture structure and designated it 
as the Main Central Thrust. Disguised as 
a Tibetan pilgrim, Gansser took part in a 
pilgrimage to the sacred Mount Kailash 
in southeastern Tibet, which was then 
closed to foreigners. Hiding his hammer, 
camera, field notebook and rock samples  
under his Tibetan cloak (chuba), Gansser 
performed the circumambulation of 
Mount Kailash and brought back impor-
tant data on the geology of Kailash  
region. 
 After returning to Switzerland, Gans-
ser joined Shell Oil Company in 1937 
and went to work in Colombia where he 
lived till 1946, unable to return to his 
home country during World War II. Dur-
ing that period, he conducted mapping 
and field work in the Andes, and later 
published a number of important papers 
on this region, a summary of which he 
presented in 1973 as the 26th William 
Smith Lecture for the Geological Society 
in London (‘Facts and theories on the  


