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Aiming at the problem of singular area in the working 
space when designing the parallel casting mechanism 
of the pouring robot, and the sensitivity of the pouring 
liquid to acceleration of the ladle, we propose a genet-
ic fusion algorithm of particle swarm optimization 
with angle and distance observers to find the optimal 
control point. Numerical analysis shows that it is fea-
sible to change the tilting angle of the ladle to make it 
traverse the singular regions safely. According to the 
simplified method of single pendulum, the sloshing 
model of pouring liquid is established, and the seg-
mented acceleration planning method considering the 
sloshing of pouring liquid is proposed in combination 
with the characteristics of high-speed cam motion. 
Numerical and experimental studies show that the 
segmented acceleration planning method can make the 
parallel pouring mechanism reach the set position in 
the shortest time while moving along the planned tra-
jectory, and ensure that the sloshing of pouring liquid 
is within the safe range. 
 
Keywords: Parallel mechanism, pouring robot, singu-
larity, sloshing model, trajectory planning. 
 
IN metal working, pouring is the process of transferring 
molten metal under high temperature from a ladle into a 
mould cavity. Because of its direct operation of high 
temperature molten metal, there are dust, vibration, noise 
and other harsh working environments, which poses a 
threat to the personal safety of workers, and various acci-
dents are also common. In order to solve such problems, 
studies have been carried out on pouring robots, and vari-
ous types of automatic pouring equipment have been de-
veloped for the pouring process1,2. The parallel pouring 
mechanism of the hybrid truss-type pouring robot3 is stu-
died here, mainly for trajectory planning and acceleration 
planning. 
 At present, research on robot trajectory optimization is 
mostly concentrated on the series robots4–6; there are few 
studies on the trajectory planning of parallel mechanism, 
and most of them focus on several typical parallel plat-
forms, such as DELTA and Stewart platform. Dasgupta et 
al.7 have designed an algorithm to select excellent path 

points and constructed continuous trajectory paths.  
Abdellatif and Heimann8 have proposed an adaptive algo-
rithm for the shortest path of six-DOF (degree of free-
dom) manipulator. Experimental results show that the 
algorithm can give the required speed and corresponding 
driving force effectively. Pugazhenthi et al.9 proposed an 
algorithm for the Stewart platform which can maximize 
the structure stiffness and guarantee the workspace and 
singular constraints of the mechanism. Sen et al.10 used 
the variational method to design the non-singular path of 
parallel mechanism and to ensure that the actuator is 
within the specified length range. Afroum et al.11 para-
meterized the motion coordinates in the workspace of a 
three-DOF DELTA parallel robot, and used a continuous 
two-programming method to optimize the trajectory of 
the target position. 
 As early as 1996, Terashima et al.12 studied the slosh-
ing of the ladle. The distribution parameter method of fluid 
was applied to the SOLA-MAC numerical simulation to 
describe the pouring process of the liquid. The result was 
used to guide the structure design of the ladle to better 
suppress the sloshing of the pouring liquid. Then a  
simplified pendulum model was proposed to make the  
design of the pouring–sloshing control system easier13. 
Hamaguchi et al.14 studied the sloshing suppression of 
curved motion. Yamagata and Kaneko15 gave an opti-
mized driving model to enable residual sloshing of the 
fluid to be better suppressed after rapid movement. Yano 
and Terashima16 used the H∞ model to suppress residual 
vibration of the ladle, and add a rotating controller to the 
active suppression of sloshing of the liquid in motion, 
with good results. 
 The above-mentioned studies only analyse the non-
singularity, stiffness, driving force and working time of 
several typical parallel mechanisms, and translation  
motion is considered more often, while few studies have 
been done on the coupling motion of rotation and transla-
tion. For the parallel pouring mechanism considered here, 
due to the structural and singular characteristics of the 
mechanism, there is a coupling relationship between  
rotation and translation. Previous studies have paid less 
attention to global acceleration time-varying sloshing 
suppression, and active suppression will increase the 
complexity of pouring systems. Therefore, this study pro-
poses a fusion path optimization algorithm which gives 
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Figure 1. Schematic diagram of hybrid pouring robot and its parallel manipulator. a, Hybrid truss-type movable pouring robot. 1, 4WD 
mobile platform; 2, Slewing device; 3, Hoisting device; 4, Forward device; 5, Backward device; 6, Counterweight device; 7, Parallel mani-
pulator; 8, End-effector. b, Four-UPU parallel manipulator of pouring robot. 

 
the shortest path between any two points in the working 
space of the parallel pouring mechanism, and sets the  
angle observer and the safe distance observer to cross the 
singular regions by changing the pouring angle. There-
after, the distribution scheme of acceleration and angular 
acceleration is given based on the sloshing model of 
pouring liquid and the motion model of high-speed cam, 
and the shortest operation time in the safe acceleration 
range is obtained. 

Mobile heavy load pouring robot 

Structure of the casting robot 

Figure 1 a shows a hybrid truss-type mobile heavy load 
pouring robot3,17. Since the ladle rotates around a certain 
axis during the pouring process and in order to adapt to 
the complex pouring environment, it is assumed that the 
ladle will not shake in other directions. Therefore, the  
parallel unit is designed to be a four-DOF parallel  
mechanism with one-axis rotation and three-axis transla-
tion. Based on the analysis of three-UPU parallel  
mechanism (three-DOF), a novel type of four-UPU parallel 
mechanism is proposed to meet the requirements of the 
pouring operation. 

Description of parallel pouring mechanism 

As shown in Figure 1 b, the parallel manipulator of the 
heavy load pouring robot can be simplified as a four-UPU 
(U indicating universal joint and P a shifting pair) parallel 
mechanism. The upper platform is fixed, installed in the 
heavy pouring robot beam, while the lower platform is in 
motion and is connected to the ladle. The four branches 
are UPU structural kinematic chains. At the time of initial 

assembly, the plane ABab (Figure 1 b) formed by the 
chains 1 and 2 and the upper and lower platforms is ver-
tical to the fixed platform ABCD, and the angle between 
the moving platform abcd and the plane ABab is γ. The 
plane CDdc formed by the chains 3 and 4 and the upper 
and lower platforms, the angle between the fixed platform 
ABCD and the plane CDdc is ψ, while the angle between 
the moving platform ABCD and the plane CDdc is ψ. The 
fixed coordinate system O–XYZ is located at the midpoint 
of the AB edge. The Z-axis is perpendicular to the fixed 
platform; and the Y-axis coincides with the AB edge, 
point C is on the extension of the X-axis. The moving 
coordinate system o-xyz is located at the midpoint of the 
ab edge. The z-axis is perpendicular to the moving plat-
form and the y-axis coincides with the ab edge. Point c is 
on the extension of the x-axis and the y-axis is parallel to 
the Y-axis. The length of ob is m, oc is f, dc is g, OB is M, 
OC is N and DC is K. The length of Aa, Bb, Cc and Dd is 
d1, d2, d3 and d4 respectively. 
 The U pair consists of R pairs (R indicating rotating 
pair), whose two axes are perpendicular to each other, 
and the kinematic chain UPU is equivalent to the combi-
nation of the RRPRR joints. The axes of each chain  
kinematic pair are successively represented as Si1, Si2, Si3, 
Si4 and Si5 (i = 1, 2, 3, 4; for a simple diagram, only the 
axis of chain 1 is marked). Si1 is consistent with the direc-
tion of y-axis and Si5 is consistent with the direction of 
the Y-axis. The angle between Si3 and Si4 is Θi, Si1⊥Si2, 
Si4⊥Si5, S12∥S22, S32∥S42. 

Singularity analysis of the 4-UPU parallel  
pouring mechanism 

The four-UPU parallel pouring mechanism comprises 
multiple closed chains, and the geometric constraint  
equation can be expressed by vector loop relation. 
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In eq. (1), the subscripts of the rotation matrix represent 
transformation from the local coordinate system o or i 
(i = 1, … ,4) to O of the inertial coordinate system, 
Oo = (ox, oy, oz)T. si3 is the unit vector of the axis along 
the i3 moving pair, and Si3 represents the change in rod 
length of the i3 moving pair. ωo = (0, ψ, 0), and ωi 
represents angular velocity of the branch i. s45 represents 
the unit vector in the direction of the rotation drive axis. 
The Jacobian matrix of the four-UPU parallel pouring 
mechanism is 
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s45 represents the unit vector of the axis of rotation. 
 The singularity of the mechanism can be analysed by 
taking the determinant of the Jacobian matrix as 0 
 
 det[Jacob] = 0, (6) 
 
The parameters of the parallel pouring mechanism are 
substituted in eqs (5) and (6). Thus si3 = (0, 0, –1)T, 
s45 = (0, 1, 0)T. The Jacobi singular equation of the  
mechanism is obtained as follows 
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The singularity condition of the four-UPU parallel pour-
ing mechanism can be obtained by eq. (7). We can con-
clude the following 
 (1) m = M and ψ = 0°/90°, namely the fixed platform 
and moving platform are rectangular in the plane ABba 
and CDdc of the parallel mechanism coincides or is per-
pendicular to the fixed platform; the determinant of  
Jacob is 0. This kind of singularity is called structural 
singularity, and the four-UPU mechanism should be  
designed to avoid the same. 
 (2) When any one of E, F, G and H is 0, the determi-
nant of Jacob may be 0. Further analysis shows that when 
the structure size is determined in eq. (7), the variables 
are ox, oz and γ, indicating that the four-UPU parallel 
pouring mechanism is the singular of the position and  
attitude coupling of the XZ plane in the workspace, and 
rewrite eq. (7) 
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where I in γH has no solution in the real number domain. 
So H is always not 0, and we could consider the situation 
of E⋅F⋅G = 0. Given the workspace and mechanism size:  
– 150 mm ≤ ox ≤ – 50，– 50 mm ≤ oy ≤ – 50, – 825 mm ≤ 
oz ≤ – 425, – 28°≤ γ ≤ 62°; M = 374 mm, N = 680 mm, 
m = 330 mm, f = 365 mm. Traversing the given work-
space, we get the singular regions of E⋅F⋅H = 0 (Figure 
2). Figure 2 show the following. 
 
 

 
 

Figure 2. Path planning for singular regions and different weighting fac-
tors. 
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 (1) The singular regions appear in the XZ plane; there 
is no correlation with the Y-direction. Therefore, trajectory 
planning is only discussed in the XZ plane, and the Y  
direction method is the same. 
 (2) A part of the singular regions (inner area of the  
quadrangle in Figure 2) runs through the whole  
workspace; the singular point distribution is a plane of 
deflection, which shows that the singular angle γ is conti-
nuously changing in the XZ plane. Therefore, the γ can be 
changed to make the ladle pass through the singular  
regions in a manner approaching the singular face. The 
other parts of the singular regions account for only about 
10% of the workpace, and will not reach these regions 
when actually working so trajectory planning is not con-
sidered. 

Optimal trajectory planning based on a hybrid  
strategy 

Particle swarm optimization algorithm 

In the n-dimensional search space, there are p particles 
and the location of particle i in the search space is  
expressed by vector xi = [xi1, ..., xin]T. G = G(xi) is the cost 
function of the specific problem, that is to evaluate the 
degree of fitness (optimization) of particle i in the search 
space. Each particle will get an optimal solution through 
the search space, that is, pbi = [pbi1, …, pbin]T. Particle 
swarm optimization (PSO) updates the global best loca-
tion solution after each iteration, gb = [gbi, …, gbn]T. In 
the kth iteration, the individual and global optimal loca-
tion update processes are 
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In the iteration process, particle i moves at the speed 
vi = [vi1, ..., vin]T in the search space. The velocity and  
position of each particle are corrected as follows 
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In eqs (11) and (12), j = 1, ..., n. c1 and c2 are normal 
numbers, which are called acceleration factors. rand1 and 
rand2 are normal distribution functions between [0, 1]; w 
is the inertia factor and usually ranges from 0.1 to 0.9, 

and larger the value, stronger is the global search ability. 
Conversely, the smaller the values of w, the stronger the 
local search ability. 
 In order to avoid the premature of the PSO algorithm, 
this study proposes an improved PSO algorithm based on 
point-to-point of trajectory planning, and an adaptive 
strategy is used to modify the particle moving velocity 
using the orientation vectors of trajectory planning start-
ing point and end point. That is 
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In eqs (15) and (16), xideal represents the ideal location 
vector of the starting point to the end point, and cos〈,〉 
represents the cosine of the direction vector. 
 The ideal position vector from the starting point to the 
end point is used as the target direction vector, in eqs (15) 
and (16), when the product of the two cosines of a par-
ticle is greater than zero, it indicates that the particle  
is approaching the optimal solution of the individual 
(global) from one side. At this time, it can increase 

( 1)1k
ij
−Δ ( 1)2( )k

ij
−Δ  to speed up the convergence rate of the 

algorithm and take a multiplier ζ +; if the product of the 
two cosines of the particle is less than zero, it shows that 
the particle is hovering near the individual (global)  
extremum; then ζ – can be reduced to avoid particles lin-
gering around the extremum and resulting in a premature 
algorithm. If the product of the two cosines of the particle 
is zero, then ( 1)1k

ij
−Δ ( 1)2( )k

ij
−Δ  does not change, 0 < ζ – < 

1 < ζ +. 
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Angle observer 

By the analysis of E, F and H, the singularity of four-
UPU is related to ox, oz and γ. In order to cross the singu-
lar regions, the strategy of changing γ is adopted; that is, 
by changing the tilting angle of ladle, the E⋅F⋅G ≠ 0 will 
be ensured such that the parallel pouring mechanism 
passes through the singular region smoothly. The specific 
search process is as follows: 
 
 Initialization: γ = γ0 
  for j = 1, 2, ..., n 
  (1) (ox, oz) ← k

ijx  
  (2) if E⋅F⋅G = 0 
  (3) Initialization: γ + = γ – = γ, γ0 
  (3) while E⋅F⋅G ≠ 0 
  (a) γ + = γ + + ∇1 &&γ + < γ0 
  (b) γ – = γ – – ∇1 
  (c) γ – = (γ –, γ +), first to meet E⋅F⋅G ≠ 0 
  end 
 end 
 
where γ0 is the titling angle of the ladle during the initial 
movement. In the above search process, the dip angle 
searches for the minimum increase (reduction) of ∇1 in 
two directions. However, the increase cannot exceed the 
initial tilt angle of γ0, because in the actual operation,  
exceeding γ0 will cause splashing of the ladle and thus 
accidents. 

Distance observer 

Combined with the actual working environment analysis, 
the most common type of collision is that between the 
ladle and the pouring cup. In the method used here, the 
distance r between the centre of the ladle and the edge of 
the pouring cup is the minimum safe distance (Figure 3). 
The specific search process is as follows 
 
 for j=1, 2, ..., n, 
 (1) (ox, oz) ← k

ijx  
 (2) look for pcxmin, pczmin 
 (2) if (ox – pcxmin)2 – (oz – pczmin)2 ≥ r2 
 (3) while (ox – pcxmin)2 – (oz – pczmin)2 < r2 
   (a) ox = ox + ∇2 

   (b) 0 min
min min

0
( )

oz pcz
oz pcz pcx ox

ox
−

= − −  

  end 
 (4) ( , )k

ijx ox oz←  
 end 
 
pcxmin, pczmin is the nearest point of the tilting centre of 
the ladle and the edge of the pouring cup. The positive 
and negative values of the increment ∇2 depend on the  
direction of movement of the ladle. 

GA-IPSO algorithm 

Figure 4 is a flow chart of the genetic algorithm-improve 
particle Swarm optimization (GA-IPSO) algorithm. 
 Random dimensionality reduction: A large number of 
control points are necessary to fit the path. The efficiency 
of the algorithm will be reduced, and so the dimension of 
individual position vectors is reduced randomly to  
improve the efficiency of the algorithm. The specific 
process is as follows 
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i i in i i n n nx x x x x − − +⎯⎯⎯⎯→  (17) 

        1 2
[ , ..., ]k k T

in inx x  
 
In eq. (17), the n1 – n2 positions are randomly deleted 
from the position vector of the individual, and the  
remaining n – (n2 – n1 + 1) dimensional position vector 
recombination continues to solve the algorithm. 

Numerical analysis 

(a) Size and layout of parallel pouring mechanism and 
pouring cup: The parallel pouring mechanism adopts the 
design size, workspace and singular regions mentioned 
earlier in the text in the section on singularity analysis. 
The size of the gate cup was selected according to Pan 
and Xu18. In order to have both distance collision and 
singular path planning, the layout shown in Figure 3 is 
adopted. 
 (b) Cost function: The cost function is defined as 
 
 ( ) (1 ) ( ).k k

i iG δψ δ ϕ= + −pb pb  (18) 
 
In eq. (18), ( )k

iψ pb  represents the kth iteration path 
length (step number) of particle i, and ( )k

iϕ pb  represents  
 
 

 
 

Figure 3. The size, layout and pendulum sloshing model of the ladle. 
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the step number of angle change in the kth iteration path 
of particle i. The algorithm takes the sum of steps of dis-
tance and the angle as the cost function. δ is a weight 
coefficient in the range 0 ≤ δ ≤ 1. δ = 0 represents the 
minimum angle problem, while δ = 1 represents the min-
imum path problem. 
 (c) Algorithm assignment: In order to ensure appro-
priate speed of maturation, w, r1 and r2 in eq. (13) are 0.6, 
1.2 and 1.2 respectively, ζ + and ζ – are 0.8 and 0.2 res-
pectively, and initial 11

ijΔ  and 21
ijΔ  are 1. The variation 

rate pm and the cross rate pc are 0.2 and 0.5 respectively. 
The initial position and target position of the moving 
platform are k

inx  = [–140, –690] and k
inx  = [–65 and –545] 

respectively, and the angle of initial tilting is γ = 20°. The 
number of particles p = 40. The algorithm terminates un-
der the following conditions: (1) maximum number of 
iterations is 1000 times, or (2) in two successive itera-
tions, fitness of the best particles is less than 1. The  
incremental ∇1 of the distance observer and incremental 
∇2 of the angle observer are 1 mm and 0.1° respectively, 
smaller ∇2 values can ensure correctness and continuity 
of angle-fitting. The minimum security distance needs to 
be properly amplified and take r = 430 mm. 
 Due to the acceleration method and the quality  
requirements of algorithm in the singular regions, the 
number of initial control points (dimension of the posi-
tion vector) is 180, and the number of the minimum con-
trol points (dimension of the position vector) is 60. The 
algorithm is compiled into MATLAB, and the control 
points are all rounded. The result is fitted by a simple B 
spline curve. 
 

 
 

Figure 4. Flow chart of the GA-PSO algorithm. 

 Table 1 shows a comparison of different δ values in 
GA-IPSO algorithm for path planning. The simulations 
were run on a Xeon E5 2.10 GHz computer and the aver-
age of 10 simulation results was taken. The computing 
time is directly chosen by MATLAB’s own ‘cputime’ 
function. The range of the δ = 0–1, where δ = 0 is equiva-
lent to the minimum rotation angle of the ladle, while the 
δ = 1 is equivalent to the shortest path problem. The path 
planning results corresponding to different weighting  
factors in Table 1 are shown in Figures 2 and 5. In which 
Figure 5 a and b, in order to clearly show the angle 
change in the path planning, γ–Z and γ–X are used as 
coordinates respectively. 
 Table 1 shows that with the decrease of δ, the number 
of iterations, calculation time and fitness are significantly 
improved. Combined with Figures 2 and 5, it can be seen 
that this is due to increase in the weight factor of the ladle 
angle, which leads to a large deviation in the trajectory of 
the ladle from the pouring cup; the search process of the 
singular regions and rotation angle of the ladle are short-
ened; the correction times of the distance observer and 
angle observer decrease, thus accelerating the conver-
gence of iteration. However, the δ = 0 and δ = 0.2 ob-
viously are not the desired trajectories, because they 
deviate from the ideal trajectory (straight path). When 
δ = 1, the number of iterations, calculation time and fit-
ness value are the largest, and the algorithm efficiency is 
poor. When δ = 0.8 and δ = 0.5, the planned paths are 
next to each other, and the calculation time and fitness 
value of the algorithm are also close and moderate. 
Therefore, δ = 0.5–0.5 is selected as the best compromise 
for the two competitive targets in the GA-IPSO algorithm 
(trajectory and ladle rotation angle). 
 Table 2 shows a comparison between standard PSO  
algorithm and GA-IPSO algorithm for δ = 0.5 and par-
ticle number p = 40. It can be seen from the table that the 
GA-IPSO algorithm is not only efficient in computation 
but also in the quality of the final value compared with 
the standard PSO algorithm. 
 
 
Table 1. Performance analysis of planned trajectories for various  
 weighting factors (δ ) 

No. of particles 40 
 

δ 1 0.8 0.5 0.2 0 
No. of iteration 553 488 413 387 321 
Computation time (s) 1182 1022 926 774 664 
Fitness value 178 149 132 110 80 

 
Table 2. Comparison of standard PSO algorithm and GA-IPSO for  
 weighting factor δ = 0.5 

Optimization Standard PSO GA-IPSO 
 

No. of iteration  791 413 
Computation time (s) 1673 926 
Fitness value  141 132 
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Figure 5. Variation of ladle inclination angle. a, δ = 1, δ = 0.8 and δ = 0.2; b, δ = 0.2 and δ = 0. 
 
 
Acceleration planning considering sloshing of  
pouring liquid 

Pendulum-type model 

In order to facilitate the combination of sloshing model 
and acceleration model of the trajectory, we use the  
pendulum method to establish the sloshing model of the 
pouring liquid (Figure 3). 
 In Figure 3, of–xf–zf is a liquid surface coordinate sys-
tem, f fo x  is parallel to the horizontal plane, or–xr–zr is 
located in the rotating fulcrum coordinate system, r ro x  is 
parallel to the horizontal plane, mf the quality of pouring 
liquid, cf the equivalent damping, lf the equivalent pendu-
lum length, η the pouring angle, ϕ the sloshing angle of 
the pouring liquid, φ (φ = η + ϕ) the sloshing angle rela-
tive to the horizontal plane, or the centre of rotation, og 
the centre of mass of the pouring liquid, Df the distance 
between or and og, of the pivot of the pendulum, θg the 
angle between r go o  and the horizontal, and θg the angle 
between the acceleration af and the horizontal, J is the 
moment of inertia, 2 .f fJ m l=  The pendulum sloshing  
equation of the pouring liquid at point of can be written as 
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  cos( ) cos( )f a fm a lθ η ϕ− +  
 
  sin( ) sin( ).f a fm a lθ η ϕ+ +  (19) 

For φ = η + ϕ, due to the small amplitude of sloshing  
of the pouring liquid, linearization of eq. (19) can be  
obtained directly. 
 

 
sin cos

.f f g f d

f f f f

c D ag
m l l l

θ θ
φ φ φ η= − − − −  (20) 

 
By the pendulum characteristic, we can get the natural 
frequency ωn and the damping coefficient ζ 
 

 , .
2

f f
n

f

c lg
l m g

ω ζ= =  (21) 

 
ωn and ζ can be easily measured by experiments, or can 
be estimated by eqs (22) and (23)19,20. 
 

 1/2 3/4 1/4
1 1( /2) ,d B gζ υ − −=  (22) 

 

 Lf/lf ≈ 2–3. (23) 
 
where d1 is the depth of liquid, υ the viscosity of liquid, 
B1 the average width of the ladle and Lf is the distance  
between or and of. 

Acceleration planning 

The acceleration planning requirements under the condi-
tion of sloshing are proposed referring to the motion law 
of high speed cam21. (1) The speed and acceleration of 
the parallel pouring mechanism at starting, stopping and 
the fold points of the polyline in the planned trajectory 
are all 0. (2) There is no jerk when the ladle is stopped. 
(3) Since the partial translational motion is accompanied 
by rotation of the ladle, in order to reduce acceleration 
variation of the composite motion, the pure translational 
motion time: translational + rotational motion time is 
3 : 7. 
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 The boundary conditions are according to the require-
ments 
 
 st0(0) = vt0(0) = at0(0) = 0, (24) 
 
 stn(1) = 1, (25) 
 
 vtn(0) = atn(0) = jtn(0) = 0, (26) 
 
 ttT

 : ttTR = 3 : 7. (27) 
 
Additional constraints 
 

 
2 2 2 2 2 2 2

3 3 3 3 3 2 2

( ) , ( ) ( ) 0
( ) , ( ) ( ) 0 .

t t t t

t t t t

s t l v t a t
s t l v t a t

= = =⎧
⎪ = = =⎨
⎪
⎩

 (28) 

 
In eqs (24)–(28), sti, vti, ati and jti are path length, speed, 
acceleration and jerk (i = 0, 1, 2, …, n) respectively. ttT 
and ttTR are translation time and compound motion time 
respectively, and the displacement function is n – 1 order 
polynomial. 
 
 2 1

0 1 2 1 .n
t ns t t tρ ρ ρ ρ −

−= + + + +  (29) 
 
In eq (29), ρ0, ρ1, ρ2, …, ρn–1 are coefficients of polyno-
mials. According to the equation, we can get vt, at and jt 
by continuous derivation. 
 
Translation path acceleration planning: Translation is 
the main movement of the ladle, and so it is the emphasis 
of acceleration planning. Let us assign the model in  
Figure 3 to the actual operating conditions, d1 = 0.37 m, 
υ = 1.0067 × 10–6 m2/s. The upper and lower diameters of 
the inner cavity of the ladle are 300.52 and 0.47 m  
respectively, and height is 0.54 m. B1 = 0.486 m, 
ζ = 6.06 × 10–4. Lf /lf takes an average of 2.5, Lf = 0.1 m, 
and lf = 0.04 m. Df = 0.085 m, θg = –1.919 rad. At the ini-
tial time, φ(0) = 0, φ ′(0) = 0. The preferred path and  
angle parameters are obtained by taking δ = 0.5. 
 
(a) Global acceleration planning: The normal accelera-
tion planning is used to plan the whole path. When 
δ = 0.5, path length is 0.174 m. Since the planned trajec-
tory is approximately a polyline, the lengths of the 
straight segments between the fold points are 0.103 m, 
0.014 m, 0.016 m and 0.044 m respectively, starting from 
the starting point of the trajectory. According to the acce-
leration plan proposed here we can get 
 
 st0(0) = vt0(0) = at0(0)=0, (30) 
 
 st5(1) = 1, (31) 
 
 vt5(0) = at5(0) = jt5(0) = 0. (32) 

Additional constraints 
 
 st2 (0.569) = 0.592, vt2 (0.569) = at2 (0.569) = 0, 
 st3 (0.683) = 0.655, vt3 (0.683) = at2 (0.683) = 0, (33) 
 st5 (0.849) = 0.747, vt3 (0.849) = at2 (0.849) = 0.  
 
Equations (30)–(33) are introduced into MATLAB and 
the global acceleration is obtained. Figure 6 shows the 
change in acceleration in unit time. The global accelera-
tion planning scheme has the following disadvantages: 
 (i) The peak acceleration is extremely large; it will  
increase the burden of the drive unit of the parallel  
mechanism. The acceleration in the first half of the time 
changes drastically, and the acceleration change in the 
latter half of the time is basically zero, and the full time is 
not fully utilized. 
 (ii) The highest power of the fitting polynomial is 13, 
increasing the calculation time. 
 

 max total
total

max
.

A S
T

a
×

=  (34) 

 
In eq. (34), Amax is the maximum acceleration in unit 
time. Stotal is the total length of a given path, amax the 
maximum acceleration of a given path, and Ttotal is the  
total time required to traverse the path at a given amax. 
 
(b) Piecewise acceleration planning: In view of the 
sensitivity of the pouring liquid to impact vibration, a 
piecewise planning method with breaking points as the 
starting point and ending point is proposed. 
 
 ste0(0) = 0, vte0(0) = ate2(0) = 0, 
 ate2(0.3) = 0, ste3(1) = 1, (35) 
 vte3(1) = ate3(1) = jte3(1) = 0. 
 
In eq. (35), e = 1, 2, 3, 4. In the pouring ladle movement, 
it is assumed that the pouring liquid will have longer 
sloshing buffer time in each part, so as to better adapt to 
the next acceleration change, and make ate2(0.3) = 0.  
Equation (35) is introduced into MATLAB to get the  
acceleration of each segment 
 
 5 41235.294 3829.412tea t t= −  
 

 3 24249.412 1951.765 296.471 ,t t t+ − +  (36) 
 
 max_ 14.112.eA =  (37) 
 
 In eq. (37), Amax_e represents the maximum acceleration 
of unit time within each planning segment of the path. 
Figure 6 is the variation of acceleration in unit time dur-
ing piecewise acceleration planning. It can be seen that in 
the actual acceleration fitting, the unit acceleration peak 
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of the piecewise acceleration planning is very small; the 
burden of the drive unit of the parallel mechanism is less. 
The time required for each segment of acceleration to 
reach the peak is very short, thereafter, the change in  
acceleration is slow, which makes full use of the whole 
time. The highest power of the fitting polynomial of acce-
leration is 8, and the calculation speed is fast. 
 Therefore, in this study, a piecewise acceleration  
planning strategy is applied to the acceleration planning 
of the translational path. The actual acceleration ate_A of 
each segment is: 
 

 
5 4 3

max
_ 2

max

1235.294 3929.412 4249.412
,

1951.765 296.471
te A

a
a

A
τ τ τ
τ τ

⎛ ⎞− +
= ⎜ ⎟⎜ ⎟− +⎝ ⎠

  

 

 
total

.t
T

τ =  (38) 

 
Rotational acceleration planning: The rotational acce-
leration is also divided by piecewise planning. In Figure 
5, the change in tilting angle is one-to-one correspon-
dence with the change in translation path. Therefore, the 
corresponding relations between rotation and translation 
in Figure 5 can be directly used for polynomial fitting. 

Experimental verification 

First, we use the acceleration planning to plan accelera-
tion of the path. At δ = 0.5, θa of the ladle is 1.221, 1.954, 
0.139 and 0.872 rad. Further analysis of eq. (20) shows 
that Df sin θg/lf = 0.725 and cos θa/lf(min) = 8.565, which 
indicates that rotational acceleration has little effect on 
sloshing. In addition, the prototype is still in the design 
and processing stage. Therefore, the validation experi-
ment only makes acceleration planning for translation 
path. 
 
 

 
 

Figure 6. Unit acceleration of global acceleration planning and piecewise 
acceleration planning. 

 The verification experiment was performed on a  
six-DOF series robot. Since the kinematic viscosity of  
water is similar to that of molten cast iron and is readily 
available in the laboratory, water was selected as the 
study fluid. Figure 7 shows the experimental set-up. The 
experiment mainly studies sloshing of the liquid in the 
container under translational state. The sloshing angle of 
the liquid is measured as shown in Figure 7. Sloshing  
angle is 
 

 2 1( )
arctan .

/2p

dp dp
B

φ −
=  (38) 

 
In eq. (39), dp1 and dp2 are liquid-level heights, and Bp is 
the distance between the liquid level sensors. The trajec-
tory of the container moves along the preferred path at 
δ = 0.5. The sloshing law of the liquid in the container 
and acceleration change of the end of the robot are ob-
tained by the pendulum model and piecewise acceleration 
model respectively. The maximum acceleration at each 
stage is calculated to be 1.39, 1.07, 0.24 and 0.36 m/s2, 
and maximum sloshing angle is 0.08 rad. Figure 8 a 
shows numerical simulation and experimental results.  
 Comparing the numerical simulation results and expe-
rimental results in Figure 8 a: 0–2.91 s is the sloshing 
state of water in the container during the robot movement 
time, and 2.91–5 s is the free sloshing of the container at 
the target position. The sloshing amplitude obtained by 
the experiment in 0–5 s is slightly attenuated because the 
viscous resistance of water and the wall of the container 
are not considered in the model. However, the form and 
frequency of sloshing are basically the same, and the 
sloshing angle does not exceed the maximum threshold. 
This indicates that the liquid sloshing and acceleration 
planning methods have higher operating efficiency and 
can prevent splashing accidents caused by severe slosh-
ing. Figure 8 b shows the instantaneous sloshing state of 
 
 

 
 

Figure 7. Experimental device for liquid sloshing and its measurement 
method. 
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Figure 8. Simulation and experimental results of liquid sloshing. a, Simulation and experimental results of liquid sloshing at δ = 0.5. b, Instantaneous 
sloshing of liquid in the experiment. 
 
 
water in the container, corresponding to the instantaneous 
sloshing amplitude in Figure 8 a, and the instantaneous 
liquid-level sloshing is stable without violent fluctuation. 

Conclusion 

Here, a four-UPU parallel pouring mechanism with four-
DOF for casting robot is studied, and a path planning me-
thod and acceleration planning method are proposed. We 
make the following conclusions: (1) By studying the sin-
gularity of four-UPU parallel pouring mechanism, we 
propose the GA-IPS algorithm with angle observer, posi-
tion observer, speed corrector and flexible control points. 
The numerical example shows the feasibility of crossing 
the singular region and correctness of the algorithm. (2) 
Based on motion characteristics of the high-speed cam 
and sloshing characteristics of the pouring liquid, the me-
thod of acceleration planning is studied. In view of the 
obvious characteristics of the impact vibration of the 
pouring liquid, the feasibility of piecewise acceleration 
planning method under the constraints of speed, accelera-
tion and jerk is proposed and verified. (3) Based on the 
single pendulum model, the damping pendulum model 
the rotation and moving fusion of the pouring liquid  
under small sloshing condition is established, and fitting 
with the piecewise acceleration model, the maximum  
value of acceleration in each stage is given by the search 
method. The method of fitting the rotational acceleration 

is given by means of the relationship between the path 
and tilting angle. The experimental results also verify the 
correctness of the established single pendulum model and 
acceleration model. 
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