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T is well known that crystals are classified

into 230 space groups belonging to one or
the other of the 14 Bravais lattices and. the
32 crystal classes. To account for the magnetic
properties of crystals it was found necessary
to introduce the time reversal operation 2, The
introduction of this new operation 1ncreases
the pnumber of the point groups from 32 to
122 the Bravais lattices from 14 to 36 and
the space groups from 230 to 1651. The addi-
tional double-coloured magnetic Bravais
lattices have been derived by Zamorzaevl
using a mathematical method and also
by Belov, Neronova and Smirnova: using
the fundamental property of coloured {rans-
lations while Villain’s? approach in his paper
on magnetic lattices has been duite different.
Employing the concept of a semi-direct product

(Lomont,4 and Altmannd) of two groups,
Opechowski and Guccione® have shown that
only 22 distinct magnetic double-coloured

Bravais lattices. exist. Recently Bhagavantam
and Pantulu? deduced them as- variants - of
the translational groups. In this note it 1is
proposed to establish a close connection bet-
ween the magnetic Bravais lattices and the
stars of the wave wvectors of the symmorphic
space groups (point space groups) given in the
International Tables Jfor X-ray Crystallo-
graphy.t It is shown here how some of the
double-coloured magnetic Bravais lattices can
be stfaightaway read off from the stars of
the symmorphic space groups and from the
definition of the semi-direct product of
two groups the other dichromatic magnetic
Bravais lattices are related to the stars
of the appropriate point space groups.

It has been shown by the authors? that the
non-equivalent alternating representations of a
group G induce the distinct magnetic variants
of G. If G is now taken as a translational
group T corresponding to a Bravais lattice, the
tota] symmetric representation of T will induce
the conventional (uncoloured) Bravais lattice.
The other real one-dimensional irreducible
répresentations (alternating representations) of
T induce the double-coloured magnetic Bravais
lattices, which are otherwise known as the
magnetic variants of the Bravais lattices.

Two magnetic double-coloured  Bravails

lattices T, and T,, of respeclive magnetic

holohedries H; and H, are said® to belong to
the same magnetic Bravais class (which are
hereafter designated as equivalent) if (i) the
semi~direct product of T ;, and H, is isomor-
phous to that of 1,6, and H, and (i) the
uncoloured elements of the former semi-direct
product under this isomorphism correspond to
those of the latter, This definition will be
applied in obtalning the magnetic variants of
the Bravais lattices in two and three dimen-
sions from the alternating representations of
the appropriate translational group.

For the derivation of the magnetic variants

of the lattices in two dimensions, it is suffi-
cientd

to <consider the {ranslational group
generated by the elements T, and T,k
such that T == T‘H2 — ¥ (i1dentity). Thus

the translational group in two dimensions will
have 4 real one-dimensional representations.
FEach alternating representation of the trans-
lational group induces a double-coloured

magnetic lattice and is associated with a non-
-...}
zero wave vector k (k_, ky) of the reciprocal

space, since the generating elements T, and T
can be represented respectively by exp. (2wik )
and exp. (2mik)) (Kosterl?), The character
table of the translational group 1n two dimen-
sions is

Wave . Magnetic Bravais
vector L 1s Ty ToTy lattice
(0, 0) 1 1 1 1 e
(0, 3) 1 1 — 1 —1 g
( -1"‘, 0} 1 — 1 1 - ]. ng
(_% ﬁ) 1 -1 —1 1 Tma

The magnetic variants of the Bravais lattices
in two dimensions will be now enumerated
and described in terms of the stars of the
symmorphic plane space groups,

(1) Monoclinic.—The magnetic holohedries of
the three magnetic lattices T ;, T o and T_,
are the same and consist of the identity E and
the complementary symmetry operation i
(Zheludev!l), From the definition of the
semi-direct product it may be seen that T .
T -, and T , are all equivalent. Hence only
one distinct variant of the monoclinic lattice
exists and the three wave vectors (0,%), (3, 0)

and (4,4) may be regarded as equivalent.
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These three wave vectors are contained n the
stars b, ¢ and d respectively of the two~dimen-
sional monoclinic primitive point space group
p2 (p. 58%) which has the holohedral symmetry
of the system, Thus the stars b,c¢c and d of
the space group are equivalent and any one
of them can be taken tog induce the magnetic
variant of the lattice,

(2) Orthorhombic Primitive.—To enumeraie
the distinct magnetic variants of this lattice,
the symmorphic space group pmm (p. 61) 1S
considered whose underlying point group has
the orthorhombic holohedry (D.,,] The
magnetic holohedryl? of the magnetic latiice
Twm 18 E, C,, o, o, and that of T,,1s E.
Gpy Oy. But the magnetic holohedries of T
angd T . are isomorphous and different from
that of T, ., which consists of E, C;, o5 o, It
can be shown from the idea of the semi-direct
- product that T ,Iis equivalent to T _, but dii-
ferent from T ..

m 1

Thus the stars b and.c of
the space group pmm are equivalent and dif-
ferent from the star d. Hence there are only
two magnetic variants of the orthorhombic
primitive 1lattice,

In this way the magnetic variants of the
other Bravais lattices for the  remaining
syétems can be obtained by noting that (1)
‘only those symmorphic space groups whose
underlying point group is the holohedry of the
system have to be taken into account, (i)
components of the wave vectors in the stars
of the symmorphic space groups, which are
siven with respect to the crystallographic axes
in the case of the derived lattices, should be

transformed to the Bravais axes to decide
egquivalence among the stars, (i) if two cr
more of the wave vectors (0,%), (4, 0) "and

(1. 4) occur in a star of a point space group,
{hen the corresponding alternating representa-
tions of the translational group will get
clubbed together so that they can be regarded
as degenerate and (iv) only those stars con-
4aining any one of the three wave vectors
need alone be considered.

(3) Orthorhombic Derived—The magnetic
variant of ithis lattice is duc to the star b .of
the space group cmm (p. 64).

(4) Tetragonal.—The star b of the space
group pém (p. 66) gives risc to the magnetic
variant.

(3)
case since the wave vectors (0, 1),

Hexagonul-—No variant exists in this
L. 0) and

* Page numbers given in Dbrachets ogainst the »pace
groups refer t; the pages in the International Telles [y

Xoray Crystallography, Vu52.
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(4, +) occur in the star ¢ of the space group
p6m (p. 72).

THREE-DIMENSIONAL MAGNETIC BRAVAIS LLATTICES

The distinet magnetic variants corresponding
to each one of the 14 conventional Bravais
lattices of the 7 crystal systems are obtained
below on the lines. similar to those adopten
in the derivation of the magnetic variants ot
the two-dimensional lattices described earlier.
The character table of the translational. group
in three dimensions, generated by the elements
T,T, and T_ such that T,2=T 2 =T2=E
(identity operation), is given below :

o 8
Wave . 5.z
vector 2 , B :st EEE

5 s ® ! “& h__h ;:-'r ; E

(0 0,0) ! 1 1 | 1 1 1 1
(£.0,0) 1 -1 ! I =1 =] 1 =1 Ty
(0 3, 0) 3 1l -1 1 -] =1 =1 I
(0.0, ) 1 1 | | I -1 —1 =1 T,3
(4. 5.0) 1 -1 -1 I 1 -1 -1 1 Tha
(5.0 3y 1 -1 1 -1 =1 1 =1 1. Tys
(0, 4. 3} 1 1 -1 -1 =1 -1 1 1 1,6
(v 31 -1 -1 =1 | ! 1 -1 T,

— - 4 - - —

(1) Triclintc.—The magnetic holohedry con-
sisting of the elements E-and 1 1s the same for
all the seven magnetic. lattices T,;, T, , .. T¢..
Thus all the seven alternating representations
of the translational group In this case are¢
equivalent giving rise to only one magnetic
variant of the lattice. So in .the symmorphic

space gEroup Pl (p. 75), the stars b,c,d,e,f, ¢
and h are all equivalent and the magnetic
variant can be taken to be due to any one
of these seven stars.

(2) Monoclinic Primitive—~—The point space
group to be considered is P2/m .(p..81). The
magnetic holchedriesof T, ,, T, o and T . are .iso-
morphous and those of T 4. T » and T . are
also isomorphous., Thus the three magnetic
variants will be due to the stars d (or ¢ or g).
¢ {(or f or h) and b,

(3) Monoclinic Side-Centered.—The point
space group C2/m (p. 95) is chosen.. The
wave vectors (},0,0) and (0,3, 0) oceur .in the
star ¢ while (},0,1) and (0.}, ) are present
in the star f. From the definition of the semi-
dirccet product, the magnetic lattices T ., and

T . can be shown to be equivalent. Hence the
magnetic variants of the lattice are due to
the stars b and ¢ (or d).

(4) Orthorhonibic  Primitive -—=The  gpace
sroup tu be sclected is Pt (po 16d).. The



576

stars (e, b,¢) are equivalent and so do thc
stars (f,g,d). The stars h, e (or b or ¢) and
f (or g or d) will give rise to the three
variants of the lattice.

(5) Orthorhombic Body-Centered.—The
symmorphic space group Immm (p. 163) 1s to
be taken. Its reciprocal space group is Fmmm
(p. 159). The magnetic variants of the body-
centered laftice will be now associated witn
the wave vectors of Fmmm., On transforma-
tion of the components of the wave vectors of
Fmmm from the crystallographic axes to the
Bravais axes it is found that the wave vectors
(0,0,% and (% 4,0) belong to the star ¢,
(0,3,0) and (%, 0,4) to the star d and (4, 0,0)
and (0, }, ) to the star ¢ of the space group
Fmmm. Thus the only wvariant of the body-
centered orthorhombic lattice is due to the star
b (5,4, 1) of Fmmm.

(6) Orthorhombic Face-Centered.—The
required space group is Fmmm (p. 159). The
reciprocal symmorphic space group is Immm
(p. 163). Effecting the transformation to the
Bravais axes, the wave vectors (3,0, 0), (0, 3, 0),
(0,0,%) and (34,3, %) belong to the star k of
Immm. It can be shown on lines similar to the
magnetic vanants of the ftriclinic lattice that
the stars b, ¢ and d of Immm are all equivalent
so that only one magnetic variant is permitted.

(7) Orthorhombic Side-Centered.—The point

space group to be regarded is Cmmm (p. 154).
The wave vectors (4,0,1) and (0, 1, 4) belong
to the star f and (3,0,0) and (0, ;,0) belonyg
to the star e. Thus the three variants are due
to the stars b,c¢ and d.
_-(8) Tetragonal Primitive.—The space group
to be chosen is Pd/mmm (p. 213). The three
magnetic variants of this lattice are due to the
stars b, ¢ and d as can beéasily seen from the
International Tables,

(9) Tetragonal Body-Centered.—In this case
the space group to be dealt with is I4/mmm
(p. 241). The wave vectors (4,0,0), (0,3,0),
(0,0,%) and (3, %,3) correspond to the star f
and the wave wvectors (3,0,3%), and (0,4, %)
kbelong to the star ¢, Hence the only variant
1s due to the star b.

(10) Rhombohedral (Trigonal).—The space
group under question is P31 m (p. 268). The
variant of the lattice is due to the star b while
the remaining wave vectors belong to the
stars g and f of the space group,

(11) Hexagonal.—It can be easily read off
from the International Tables that the only
permitted variant in this case is due to the
star b of the space group P&8/mmm (p. 298).
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(12) Cubic Primitive,—The resulting magnetic
variant of the lattice is due to the star b of
the space group Pm3dm (p. 330).

(13) Cubic Body-Centered.—The space group
considered here is Im3m (p. 344) whose
reciprocal symmorphic space group is Fm3dm
(p. 338) and the magnetic wvariant of the
cubic body-centered lattice is due to the star
b of Fm3m.

(14 Cubic Face-Centered.—Since the
reciprocal point space group Im3dm (p. 344) of
the space group Fm3m (p. 338) does not
contain a star which consists of only one of
the seven wave vectors (0,0,%), (3, 0,0), efc,
there is no magnetic variant of the cubic face-
centered lattice.

The magnetic wvariants of a Bravais lattice
are described in terms of the stars of a sym-
morphic space group which belongs to the
Bravais lattice and whose underlying point
group symmetry 1s the holohedry of the sjstem
and those of the derived lattices are expressed.
iIn terms of the stars of the reciprocal sym-
morphic space groups. It may be further
noted that the choice of the stars may be
restricted to those that contain only one wavce
vector which necessarily has the holohedral
symmetry of the system. Other stars having
more than one wave vector need not be consi-
dered In the derivation of the magnetic lattices
as they possess lower symmetry.

The novellty in this investigation paves the
way for the construction of the Shubnikov space
groups from the representation theory of the
conventional space groups. |

The authors wish to express their gratitude
to Prof. T. Venkatarayudu for the stimulating
and clerifying discussions which they had with
him on the problem.
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