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HE ordinary crystallographic theory in two

dimensions, making use of anti-symmetry
operations, was first extended by Alexander
and Hermannl'2 (1928, 1929) when the possible
symmetries of liguid cystals are studied.
Starting from the 17 two-dimensional con-
ventional space groups they derived 80 space
groups when both sides of a plane are regarded
as distinct. These 80 groups can be divided
into three categories, namely, (i} the ordinary
17 space groups, (i) the 17 grey space groups
containing the anti-identity operation explicitly
and (iti) the 46 double-coloured (dichromatic)
magnetic space groups which can also be
designated as the magnetic varianis of the
space groups, Cochran3 in order to describe
fully the symmetry properties of real
periodic functions in two dimensions employed
in crystallography has enumerated these 46
dichromatic space groups with the help of the
six reversal symmetry operations. Further
references concerning the methods of deriva-
tion of the magnetic space groups in a plane
are to be found in the review article of
Mackay.¢ In this note the 46 magnelic
double-coloured space groups are derived from
the representation theory of the conventional
space groups employing the method indicated
earlier by the authors (Krishnamurty and
Gopalakrishnamurty).” Several interestiing
features noted in the course of the derivation
of the magnetic variants of the space groups
in a plane are described here in detail.

A BrieF OUTLINE OF THE METHOD

It has already been pointed out by the
authors’ that the magnetic variants of a space
group can be obtained from the non-equi-
valent alternating representations of the sym-
morphic (point) space group, which is recipro-
cal to the underlying point space group of
the given space group. For instance, the
underlying point space group of pmg and pgg
in two dimensions is pmm and its rcciprocal
point space group is pmm itself. Thus onz
may infer that the magnetic variants of all
those conventional space groups having the
same underlying space group can be derived
from the alternating representations of the
gymmorphic space group which 1Is reciprocal to
that underlying space group. Though the

alternating representations of the reciprocal
symmorphic space group, no doubt, induce the
magnetic variants of a space group, yet in
enumerating the magnetic variants, the distinct
features of the symmefry eclements of the
given space group have to be taken into
account in deciding the equivalence among
the inducing alternating representations, Since
the only lattices encountered in two dimensions
are either primitive (p) or side-centered (¢},
1t is sufficient to note that if a crystal lattice
1s primitive or side-centered, its reciprocal
lattice is primitive or side-centered,

If T,and T, are the basic translations along
the Bravais axes in two dimensions, T, and
T, can be represented (Koster) respec-
tively by exp, (27 ik ) and exp. (27ik ), whei‘a
k, and k, are the components of the wave-
vector .}z belonging to the reciprocal space. It
1s enough {Krishnamurty and  Gopala-
Krishnamurty?) to consider the equations
T,2=T *=E (identity) in enumerating the
magnetic variants of a space group. This
restricts the choice of the admissible values of
the k_ and k, to either 0 or 5. Hence in the
construction of the dichromatic magnetic
space groups in itwo dimensions we need

consider only those stars containing any one

(Krishnamurty and Gopalakrishnamurty®)
of the wave vectors: (0,0), (0,1), (4, 0) and
{5, 3) from the 13 distinct rcciprocal point

space groups in terms of whose alternating
representations, the magnelic variants of the
17 conventional space groups can be derived.

CLASSIFICATION OF SPACE GROUPS

The alternating representations of a crystal-
lographic space group can be enumerated by
considering the generating elements of the
space group. The maximum number of the
generating clements of a conventional space
group in two dimensions will be 4 and itheir
characters in the alternaling representations
will be = 1. An allernating representation of
an ordinary space group in which the characters
of T and T, are alone equal to 4 1 will
induce a dichromatic magnetic space groun
hercafter designated as a point group variant
of the space group. The dichromatic space
groups induced by the alternating representa
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tions, which correspond to the distinet stars®
containing a non-zero wave vector, of the
reciprocal symmorphic space group, are referred

to as translational group variants of the space

group. Further one may easily see that if all
the generating elements are represented by the
character + 1 in an irreducible representation
of a space group, then the corresponding
induced magnetic space group cannot be dis-
tinguished from the given conventional space
group. For purposes of enumeration of the
double-coloured magnetic Space groups, it is
found convenlent to express them as the sum
of the two kinds of the variants: (i) the point

group variants and (ii) the translational group

variants, Thus in what follows the conven-
tional space groups in two dimensions are
accordingly divided into two categories,

DERIVATION OF THE PLANE DICHROMATIC SPACE
GROUPS

For convenience and purposes of clarity the
17 two-dimensional space groups are classi-
fied hereunder into two categories, namely, I:
pl, p2, p4, p3, P3ml, p3lm, p6 and II: pm,
g, ¢m, pmm, pmg, pgg, cmm, pdm, pdg and
pém. It is well known that the point group
symmetries of the 17 space groups belong to
one or other of the 10 crystallographic point
groups 1In two dimensions. The number of
the double-coloured magnetic point groups
corresponding to each one of the 10 ordinary
point groups in 3 plane is given below in
brackets against the appropriate point group:
I (0); 2(1); 4(1); 3(0); 3m (1); 6(1); m
(1); Z2mm (2); 4mm(2) and 6mm{2). The
magnetic variants of the 7 plane space groups
of category I whose underlying point groups
are 1, 2, 4, 3, 3m and 6 have been enumerated
and expressed in Table I directly as the sym
of the point group variants and the {trans-
lational group variants of the space groups.

TABLE I
. No. No. of
No. of of the induced
Space : point  trans- dichro-
No group Lattice group lational matic
variants group  magnetic
variants space groups
1 2} Monaoclinic 0 ] 1
2 P2 ' 1 1 2
3 P4 Tetragonal 1 1 2
4 3 Hexagonal { 0 0
5 P3m] . 1 0 |
6 23m i’ 1 0 1
7 20 T 1 0 1
Tﬂtal se b 3 8
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In this way, the 8 dichromatic magnetic
variants of the 7 space groups of category I are
described.

The point groups of the remaining 10 two-
dimensional space groups belonging to category
II are m, 2mm, 4mm and 6mm. The
double-coloured magnetic space groups of
pmm, pmg and pgg classified under category
II will now be considered in detail. For the
above three space groups, the underlying point
space group is pmm, whose reciprocal space
group Is pmm itself as has been mentioned
earlier. It will now be shown that the double-
colocured magnelic space groups associated with
pmg and pgg can be obtained from the alter-
nating representations of pmm. The genera-

ting elements of pmm may be taken as o, ¢
T, and T,.

The 16 one-dimensional real irreducible
representations of pmm can be uniquely de-
scribed by the relations:

o(0g) > £ 1,0 (0,)—> &1, T (T,) > +1and
T (T,)—> + 1.

The character Table of pmm rconstructed in
terms of the 4 generating elements is given
In next page.

Taking isomorphism among the subgroups of
mndex 2 associated with the 15 irreducible
representations of pmm into account, the 15
alternating representations of pmm are grouped
into the following classes so far as the deri-
vation of the dichromatic magnetic space
groups of pmg is concerned: (i)A;, A, Ay,
Ares () Ag Ag Agy, Agg; (M) Ay, Ay,
Asy Aggr (W0) A, () A; and (vi) A,
Here the alternating representations in a class
are equivalent. It may be noted that in the
case of pmg, ¢ cannot Dbe regarded as
equivalent (isomorphous) to ¢ since the latter
iIs a glide plane while the former is a mirror
plane. Establishment of isomorphism among
the associated subgroups of index 2 is facili-
tated by noting that the basic translations T
and T of the orthorhombic primitive lattice
can be interchanged which means the equi-
valence8 of the stars b and ¢ of the space
group pmm. The non-equivalent alternating
Tepresentations of pmm corresponding to the
classes (i), (ii) and (iii) induce the magnetic
double-coloured space groups called the trans-
lational group wvariants, while those corres-
ponding to the classes (iv), (v) and (vi)
induce the magnetic wvariant space groups
referred to as the point group variants, Thus
the total number of the dichromatic magnetic

space groups associated with pmg is 6, The
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Character table of pmm
. Rational symbol
RO Associated® subgroups (Shubnikov and
Star re;:: 1. t;ﬁ};q o o’ T T of ’ Belov®) of the
' - index 2 induced dichromatic
space groups
a (0,0) Ay 1 1 ! | .o
Az 1 —1 1 1 H, (o, T, T') pmg’
Aj — 1 1 1 1 H, (¢, T, T) pm’ g
Ay -1 -1 | 1 H, (o0, T, T) pm’ g
5 (0, %) Ag 1 1 1 -1 Hy (oo, T, T) .o
Ag 1 -1 1 -1 He (o, 0T, T) by Mg
A -1 1 1 -] H, (¢, T, o] Py gm
Ag -1 -1 1 -1 Hg (¢l ¢'T", T) .
¢ (£,0) Ag ] 1 -1 1 Hy (5,0, 1) .e
AJ.U 1 - 1 - 1 1 Hl'ﬂ (U, ﬂ’T, Tr) -
Ay —1 +1 —1 1 H,, (¢, T, oT) .
AIE -1 -1 — 1 i I’llz (UT, UFT, TrJ «
d (%, 3) Ajs 1 1 -1 -1 Hy;s (o, o', TT') De Mg
Ay, 1 -1 -1 -} Hy (0,¢'T, TT) .o
Aqs -1 1 -1 -1 H,s (o', T, TI') .o
AIE -1 -1 -1 ol | HIE (HJT, UT!, TT ) .

- a—

* The symmetry elements given in brackets against a subgroup*of index 2 in this table are the generating

elements of the subgroup.

double-coloured magnetic space groups of
pmm can be deduced from those of pmg by
ignoring the fractional translation present in
o of pmg and hence treating ¢ and ¢’ to be
equivalent, From this, the classes (i) and (i),
(iv) and (v) can be clubbed together to give
rise to only four distinct classes. Consequently,
four dichromatic magnetic space groups
correspond to pmm.

The magnetic variants of the space group
pgg stand on equal footing with those of pmm
since fractional translations are involved :in
both the reflection planes of pgg. The remain-
ing space groups of category II can be treated
on similar lines and the results so obtained
concerning the 10 space groups of the second
category are summarised in Table II.

The 46 magnetic variants of the two-dimen-
sional space groups so enumerated are given

in Tables I and II.
DisCcUSSION

It may be interesting to note that in the
case of the two-dimensional space groups
pdm and p6m the number of the double-
coloured magnetic space groups (Table II)
described here as the point group variants is
3, whereas the number of the magnetic variants
of the respective underlying point groups
4mm and 6émm is 2 only. This is because the
equivalence between 2 ¢, and 2 ¢ ' of 4mm,
3 ¢, and 3 ¢’ of 6mm (Bhagavantam and

Venkatarayudul®?) present inp the point
<

TABLE 11

Total no.

No. No. of of the

of trans- induced

0. Space Lattice point Jational dichro-
group \
group group  matic

variants variants  space

groups
1 pm Orthorhombic 2 2 4
2 pg » 2 2 4
3 o . 1 1 2

sicle-centered
4 pmim Orthorhombic 2 y: 4
D pmg . 3 3 6
b 2pg 19 2 2 4
Y cmm . 2 1 3
side-centered

8 pdm Tetragonal 3 )| 4
9 pdr " 3 1 4
13 pone Hexagonal 3 0 3
Total .. 23 15 38

groups is destroyed by the translations of the
space group. The translations in a space
group will be responsible for the non-equi-
valence of two conventional symmetry opera-
tions which are otherwise regarded as iso-
morphous (equivalent) in  the underlying
point group. ©One may also add that the
double-coloured magnetic variants of a c¢rystal-
lographic space group referred to here as
the point group varianls are induced by the
alternating representations of the factor group
of the reciprocual point space group.
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The authors wish to express their grateful
thanks to Prof. T. Venkatarayudu for the heln-
ful ‘discussions which they had with him on
the problem,
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HE estimation of cobalt in sea-water has

been done by various workersl™ using
colorimetry and activation analysis methods.
In view of the extremely low content of
cobalt in sea-water (06:1-1-0eg./1), co-
precipitation methods have been used f{for
preliminary concentration of the elemeant.
Yamagata and Iwashima® added powdered
manganese dioxide to sea-water which
scavenges cobalt along with other trace
elements. The recoveries are established fo
be 100% using cobalt-60 in the chioride form
as tracer, Krishnamoorthy and Viswanathan:
have co-precipitated cobalt along with magne-
sium hydroxide by adding KOH solution to
sea-water and the recoveries are establishecd
to be 93% using cobalt-58 in the chloride form
as tracer.

Cobalt is one of the biologically active
elements which is taken up by the phyto-
plankton and alge from sea-water. Preli-
minary laboratory studies® indicated that

cobalt can be associated in significant amounts
with soluble organi¢c matter. ¥rom the work
reported in the literature, it is not established
whether cobalt associated with soluble organic
matter is also carried in the initial concen-
tration steps used. Experiments have been
carried out to find whether any differences
exist in the recovery of cobalt if it is present
in the ionic form as well as in the organic
form,

-_ mel—

* This work is carried out under JAEA/BARC Research
Agreement No. 1565/ R4/CF,

Three litres of sea-water filtered through
Whatman No. 42 filter-paper is spiked with
Co*Cl, tracer and magnesium is precipitated
as hydroxide "using 10ml. of 4N NaOH.
Cobalt-58 gamma activity in the precipitate is
counted and compared with the standard added.

The recoveries are found to be 96-989% and
these results are given in Table I,
TABLE 1
Co-precipitation of cobalt-58 with magnesium
hydroxide
Co-58 Co-08 Activity Activity
activity activity in in
No, in solution in supernatant supernatant
after 40 hrs. Mg (OH); liguid (before liquid {(after
equilibration Ppt. filtration) filtration)
cpm cpm cpm cpm
1 106,652 102,500 1875 1200
(96% ) (1°:8% ) (1-2% )
2 108,000 105,600 606 438
(98 % ) (0-7% ) (0:5% )

Activity of cobalt-58 added to the solution 106,700
cpm,

Chlorella sp. is grown in sea-water spiked
with Co%0Cl, tracer to get organically bound
cobalt.® The supernatant of the culture solu-
tion is filtered through 0-224 millipore
membrane filter. An aliquot of the culture
solution containing soluble cobalt (organically
bound and/or otherwise) is added to 3 litres
of filtered sea-water and magnesium is preci-
pitated as hydroxide as above, The preci-
pitate is allowed to settle for 2 hours and the
supernatant liquid decanted, The slurry



