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Is there really a ‘quantum-no-deleting principle’?

A recent issue of Nature' contains a letter
entitled ‘Impossibility of deleting an
unknown quantum state’ by Pati and
Braunstein (PB). The main contention of
PB is that it is impossible to delete an
‘anknown’ quantum state. Further, they
claim intrinsic security to files in a quan-
tum computer as a corollary. What they
have actually considered is uncopying,
which means deleting against a copy. To
claim intrinsic security, irreversible dele-
ting must also be considered. We find
that their claim is not true even for the
(restricted) act of uncopying. To uncopy
a state, it is necessary to have at least an
additional copy. An uncopying device
accepts two identical inputs — the original
and a copy — and switches the copy to a
standard state while keeping the original
intact. This is strictly, called conditional
uncopying.

Yuen® has defined copying of a quan-
tum state [y) (of two-state system or a
g-bit) using the transformation T.:

T [ ) 1A =) [w) [Ay,

where |O) is the standard state onto
which the copy is made, and |A) and |A,)
are, respectively, the initial and final
states of the copying device (or ancilla).
PB define an uncopying transformation,
T, that is analogous to T.. The unitary
operator T, which represents a
Schrédinger evolution, transforms a com-
posite state [y) [y) |[A) as

T [y) [y) |A) = [y) [O) |Ay. (1)

PB attempt to show that if T exists for
the orthogonal basis states, then, linearity
of quantum mechanics will prevent it from
working for any superposed state. We
show that PB’s arguments are untenable,
and hence, there is nothing like a ‘quan-
tum no-deleting principle’.

The operational part of PB’s ‘deriva-
tion’ is very simple: They assume that
the operator T exists for two orthogonal
states [H) and | V). Thus

T [H) [H) [A) = [H) |O) |An), 2
T [V) [V)[A) = V) [0) |Av), )

where T |[Ap) and |Ay) are the final states
of the device. Now, the question is
whether the same T can uncopy a state
obtained as an arbitrary linear superposi-
tion, [y) = olH) + B [V), with |o®] + B
= 1. (It may be noted that eqs (2) and (3)
by themselves do not define T for the com-
plete Hilbert space.) After a few simple
steps, one finds that this is indeed pos-
sible with an appropriate |Ay) = (0lAw
+BlAv)). Also the entangled state,
(H) V) + V) [H)) |A), transforms to (|H)
IZ ) [Ay) + [V) |Z) [Am)). Thus, the con-
clusion should have been that the sought
after transformation is indeed possible —
though it has not been constructed exp-
licitly. However, at this point PB take a
different view. They observe that |Ap)
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and |Ay) are orthogonal and |A,) is a
linear superposition of them, and then
claim, ‘The transformation is therefore
not uncopying at all, but merely swap-
ping onto a two-dimensional sub-space
of the ancilla. It appears that there is no
option but to move the information
around without deleting it’ (emphasis is
ours).

We state a consequence directly fol-
lowing from the definition, eq. (1). The
orthogonality of |Ay) and |Ay) follows
from unitary property of operator T. For
instance let |As) and |As,) be the
ancilla states corresponding to two states
ly,) and |y,), respectively, in eq. (1).
Then one may argue using unitarity of T
and continuity of scalar product {(y,y,)
that orthogonality of |y) and |y
implies that of |As) and |As,). (Since
this is true for every unitary operator T,
the mere orthogonality of |[Ay) and |Ay)
cannot be the deciding factor as to whether
T represents uncopying or swapping.)

Also, one might wonder why there is a
sudden concern about swapping. (A swa-
pping operator on the state |y} [W,) of
two g-bits, transforms it to [y,) [y;).) PB
had advanced the following argument for
not considering swapping as uncopying.
According to them, ‘The standard erasure
of [y) does not use the original (i.e. first
W), and so is the case, if T swaps the
copy (i.e. second) [y) and |A)’. They
thereby imply the equivalence of swap-
ping and erasure. But, erasure is not
reversible, while swapping of two states
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is a unitary operation which can be con-
sidered as legitimate uncopying (albeit
unconditional).

Finally, while it is indeed true that |Ay)
and |Ay) are orthogonal for swapping
transformation; the converse is not true.
For, consider a trivial case where the device
is a single g-bit, and T be defined as

T [H) [H) [0) = [H) [0) [V), “4)
T [V)[V)[0) = V) [0) H), )

Here, |Ay) = [V) and |Ay) = |H) are ortho-
gonal, but T does not swap the second
and third states. We thus find that PB’s
argument (which uses the converse) to
infer the ‘quantum-no-deleting principle’
is not correct. Explicit construction, of
conditional quantum deleting machines,
using a cascade of quantum logic gates is
also possible’. In any case, finding
|Ay) = 0Am) +B|Avy) should not be of any
concern once the primary objective of
uncopying |¥), as defined in eq. (1), has
been realized. (Rather one would worry
about resetting the device in its final state
|Ay» back to |A) for the next uncopying
operation!)

PB remark that the quantum-no-
deleting principle has been ‘proved’ for

reversible as well as irreversible opera-
tions, in spite of their restricting to un-
copying through Schrédinger evolution!
They even forget that their concern was
limited to only uncopying; nevertheless,
PB proceed to make several claims: “We
emphasize that copying and deleting of
information in a classical computer are
inevitable operations, whereas similar
operations cannot be realized perfectly
in quantum computers. This may have
potential applications in information
processing because it provides intrinsic
security to quantum files in a quantum
computer. No one can obliterate a copy
of an unknown file from a collection of
several copies in a quantum computer,....
Nevertheless, nature seems to put another
limitation on quantum information imp-
osed by the linearity of quantum mecha-
nics.” These high-sounding claims lie
well outside the premise of the matter of
their discussion.

In summary, reversible uncopying as
well as irreversible deleting of a known
or unknown quantum state should always
be possible. More importantly, there is
no case for a quantum no-deleting prin-
ciple.

For an interested reader, a more
detailed account of our analysis, which

also touches upon quantum controlled-
NOT operator* for copying and uncopy-
ing, is available in a preprint.
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