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This is a brief review on Brownian functionals in one
dimension and their various applications. After a brief
description of Einstein’s original derivation of the dif-
fusion equation, this article provides a pedagogical in-
troduction to the path integral methods leading to the
derivation of the celebrated Feynman-Kac formula.
The usefulness of this technique in calculating the sta-
tistical properties of Brownian functionals is illustrated
with several examples in physics and probability the-
ory, with particular emphasis on applications in com-
puter science. The statistical properties of ‘first-
passage Brownian functionals’ and their applications
are also discussed.
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1. Introduction

THE year 2005 marks the centenary of the publication of
three remarkable papers by Einstein, one on Brownian
motionl, one on special relativityz, and the other one on
the photoelectric effect and light quanta’. Each of them
made a revolution on its own. In particular, his paper on
Brownian motion (along with the related work by Smolu-
chowsky® and Langevin’) had a more sustained and
broader impact, not just in traditional ‘natural’ sciences
such as physics, astronomy, chemistry, biology and mathe-
matics but even in ‘man-made’ subjects such as econo-
mics and computer science. The range of applications of
Einstein’s Brownian motion and his theory of diffusion is
truly remarkable. The ever-emerging new applications in
diverse fields have made the Brownian motion a true leg-
acy and a great gift of Einstein to science.

There have been numerous articles in the past detailing
the history of Brownian motion prior to and after Einstein.
Reviewing this gigantic amount of work is beyond the
scope of this article. This year two excellent reviews on
the Brownian motion with its history and applications
have been published, one by Frey and Kroy® and the other
by Duplantier’. The former discusses the applications of
Brownian motion in soft matter and biological physics
and the latter, after a very nice historical review, dis-
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cusses the applications of Brownian motion in a variety
of two-dimensional growth problems and their connec-
tions to the conformal field theory. Apart from these two
reviews, there have been numerous other recent reviews
on the 100 years of Brownian motion® — it is simply not
possible to cite all of them within the limited scope of
this article and I apologise for that. The purpose of the
present article is to discuss some complementary aspects
of Brownian motion that are not covered by the recent re-
views mentioned above.

After a brief introduction to Einstein’s original derivation
of the Stokes—Einstein relation and the diffusion equation
in §2, the principal focus of the rest of the article will be
on the statistical properties of functionals of one-dimen-
sional Brownian motion, with special emphasis on their
applications in physics and computer science. If x(T)
represents a Brownian motion, a Brownian functional
over a fixed time interval [0, ] is simply defined as
T= fg U(x(1))dt, where U(x) is some prescribed arbitrary
function. For each realization of the Brownian path, the
quantity 7 has a different value and one is interested in
the probability density function (pdf) of 7. It was Kac
who first realized’ that the statistical properties of one-
dimensional Brownian functionals can be studied by
cleverly using the path integral method devised by Feyn-
man in his unpublished Ph D thesis at Princeton. This ob-
servation of Kac thus took Einstein’s classical diffusion
process into yet another completely different domain of
physics namely the quantum mechanics and led to the
discovery of the celebrated Feynman—Kac formula. Since
then Brownian functionals have found numerous applica-
tions in diverse fields ranging from probability theory”'’
and finance'' to disordered systems and mesocopic physics'”.
In this article I will discuss some of them, along with
some recent applications of Brownian functionals in
computer science.

After a brief and pedagogical derivation of the path integral
methods leading to the Feynman—Kac formula in §3, I will
discuss several applications from physics, computer science
and graph theory in §4. In §5, the statistical properties of
‘first-passage Brownian functionals’ will be discussed. A
first-passage functional is defined as T = Lt)f U(x(1))dz
where #;1s the first-passage time of the Brownian process
x(7), i.e. the first time the process crosses zero. Such first-
passage functionals have many applications, e.g. in the
distribution of lifetimes of comets, in queueing theory
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and also in transport properties in disordered systems.
Some of these applications will be discussed in §5.

The diverse and ever-emerging new applications of
Brownian functionals briefly presented here will hope-
fully convince the reader that ‘Brownian functionalogy’
merits the status of a subfield of statistical physics (and
stochastic calculus) itself and is certainly a part of the
legacy that Einstein left behind.

2. Einstein’s theory of Brownian motion and
Langevin’s stochastic equation

Einstein’s 1905 paper on Brownian motion' achieved two
important milestones: (i) to relate macroscopic kinetic para-
meters such as the diffusion constant and friction coefficient
to the correlation functions characterizing fluctuations of
microscopic variables — known as a fluctuation—dissipa-
tion relation and (ii) to provide a derivation of the cele-
brated diffusion equation starting from the microscopic
irregular motion of a particle — thus laying the foundation
of the important field of ‘stochastic processes’.

A fluctuation—dissipation relation

Very briefly, Einstein’s argument leading to the derivation
of fluctuation—dissipation relation goes as follows. Imag-
ine a dilute gas of noninteracting Brownian particles in a
solvent under a constant volume force K (such as gravity)
on each particle. For simplicity, we consider a one-dimen-
sional system here, though the arguments can be generalized
straightforwardly to higher dimensions. There are two
steps to the argument. The first step is to assume that the
dilute gas of Brownian particles suspended in a solvent
behaves as an ideal gas and hence exerts an osmotic pres-
sure on the container giving rise to a pressure field. The
pressure p(x) at point x is related to the density p(x) via
the equation of state for an ideal gas: p(x) = kzTp(x),
where kg is the Boltzmann’s constant and 7 is the tem-
perature. The force per unit volume due to the pressure
field —d,p(x) must be balanced at equilibrium by the net
external force density Kp(x), leading to the force balance
condition: Kp(x) = —0,p(x) = —kzTo,p(x). The solution is
simply

K
p(x)= P(O)GXP[—WX} (D

B

The next step of the argument consists of identifying two
currents in the system. The first is the diffusion current
Jaige = —D0p(x) where D is defined as the diffusion coef-
ficient. The second is the drift current due to the external
force, jair which can be computed as follows. Under a
constant external force, each particle achieves at long
times a terminal drift velocity, v = K/I' where T" is the
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friction coefficient. For spherical particles of radius a, I'
is given by the Stoke’s formula, I' = 61tna where 1 is the
viscosity. Thus, jig = vp(x) = Kp(x)/T. Now, at equilib-
rium, the net current in a closed system must be zero,
J =Jjairr + jain = 0 leading to the equation —Ddp(x) +
Kp(x)/T"=0. The solution is

K
p(x) = p(O)eXp[—EX} (2)

Comparing eqgs (1) and (2), Einstein obtained the impor-
tant relation

kpT
ot ®

which is known today as the Stokes—FEinstein relation that
connects macroscopic kinetic coefficients such as D and
I' to the thermal fluctuations characterized by the tem-
perature 7.

Diffusion as a microscopic process

In addition to the fluctuation—dissipation relation in eq.
(3), Einstein’s 1905 paper on Brownian motion also pro-
vided an elegant derivation of the diffusion equation that
expressed the diffusion constant D in terms of micro-
scopic fluctuations. Since the particles are independent,
the density p(x, #) can also be interpreted as the probabi-
lity p(x, £) = P(x, t) that a single Brownian particle is at
position x at time ¢ and the aim is to derive an evolution
equation for P(x, 1) by following the trajectory of a single
particle. Here one assumes that the particle is free, i.e. not
subjected to any external drift. Einstein considered the
particle at position x at time ¢ and assumed that in a micro-
scopic time step At, the particle jumps by a random
amount Ax which is thus a stochastic variable. He then
wrote down an evolution equation for P(x, )

P(x,t+Ar) = I P(x—Ax,1)(,, (Ax)d(Ax), 4

where ¢,(Ax) is the normalized probability density of the
jump’ Ax in time step Ar. This evolution equation is
known today as the Chapman—Kolmogorov equation and
it inherently assumes that the stochastic process x(z) is
Markovian. This means that the jump variables Ax’s are
independent from step to step, so that the position x(¢) of
the particle at a given time step depends only on its pre-
vious time step and not on the full previous history of
evolution. Next Einstein assumed that P(x—Ax, r) in the
integrand in eq. (4) can be Taylor expanded assuming
‘small” Ax. This gives
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Plx,t+ A1) = P(x,t)— N — ax W
- Ox

e (5)

where 1, = [ (Ax)*dr(Ax)d(Ax) is the kth moment of the
jump variable Ax. Furthermore, the absence of external
drift sets |, = 0. Dividing both sides of eq. (5) by Az, taking
the limit At — 0 and keeping only the leading nonzero
term (assuming the higher order terms vanish as At — 0)
one gets the diffusion equation

oP o’p
a o “

where the diffusion constant

D= lim 22

Jim I (A4, (AV)A(AY)

Alt—>0 2At

<(AX) )

2At M

At—>0

where ((Ax)”) is the average of the square of the micro-
scopic displacement in a microscopic time step At. Thus
Einstein was able to express the constant D that appears
as a coefficient in the macrosopic diffusion current jgs =
—-DJ,P in terms of the microscopic fluctuation Ax in the
position of a Brownian particle. This derivation also
brings out the fundamental principle of the diffusion
process, i.e. the length scale must scale as the square root
of the time scale.

The position of the Brownian particle can evolve via
many possible ‘stochastic’ trajectories. The diffusion eq.
(6) describing the evolution of the probability density
sums up the effects of all underlying stochastic trajecto-
ries. However, it is often useful to have a mathematical
description of each single trajectory. This brings us to the
description of the diffusion process i la Langevin’. It is
clear from Einstein’s derivation that the local slope of an
evolving trajectory at time ¢ can be written as

Ax
E = éA[ (t)’ (8)

where Ea(f) is a random ‘noise’ which is independent
from one microscopic step to another, and it has zero
mean. Its variance at a given time ¢, in the continuum
limit Az — 0, can also be computed from eq. (7). One gets
(&At 1)y = (A)DI(AD? = 2D/At as Ar — 0. Thus the noise
term typically scales as 1/\/_t as At = 0. The correla-
tion function of the noise between two different times can
then be written as,

ift#¢

Ea0ELE)) =0
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In the continuum limit Az — 0, the noise &x{?) then tends
to a limiting noise &(r) which has zero mean and a correlator,
EME()) =2D3(¢ — ¢'). This last result follows by for-
mally taking the limit Az — 0 in eq. (9) where, loosely
speaking, one replaces the 1/Ar by 8(0). Such a noise is
called a ‘white’ noise. Thus, in the continuum limit Az — 0,
eq. (8) reduces to the celebrated Langevin equation,

dx
E—ﬁ(t), (10)

where &(7) is a white noise. Moreover, in the continuum
limit Ar — 0, one can assume, without any loss of gener-
ality, that the white noise &(r) is Gaussian. This means
that the joint probability distribution of a particular history
of the noise variables [{&(T)}, for 0 <1 <1] can be written
as

Prob[{&(1)}] o< exp {-%Iiz(ﬂdﬁ- (1D
0

We will see later that this particular fact plays the key
role in the representation of Brownian motion as a path
integral. The Brownian motion x() can thus be represented as
the integrated white noise, x(#) = x(0) + fg &(t)dt. While
the physicists call this a Brownian motion, the mathema-
ticians call this integrated white noise the Wiener proc-
ess, named after the mathematician N. Wiener.

Langevin’s formulation in eq. (10) also makes a corre-
spondence between Brownian motion and the random
walk problem where the position x, of a random walker
after n steps evolves via

Xp = Xq + & (12)
where &,’s are independent random variables, each drawn
from the common distribution ¢(§) for each step n. In
fact, the idea of understanding Brownian motion in terms
of random walks was first conceived by Smoluchowsky"”.
The Langevin equation representation of Brownian motion
makes this connection evident, the Brownian motion is
just the suitably taken continuum limit of the random
walk problem. For large n, by virtue of the central limit
theorem, the results for the random walk problem reduce
to those of the Brownian motion. This is an important
point because in many applications, especially those in
computer science as will be discussed later, one often en-
counters discrete random walks as in eq. (12) which are
often more difficult to solve than the continuum Brownian
motion. However, since in most applications one is typi-
cally interested in the large time scaling-limit results, one
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can correctly approximate a discrete random walk sequence
by the continuum Brownian process and this makes life
much simpler.

3. Brownian process as a path integral

The solution of the diffusion eq. (6) can be easily obtained
in free space by the Fourier transform method. For sim-
plicity, we set D = 1/2 for the rest of the article. One gets

P(x,1) = f dx, Gy (x,1 1 x,,0) P(x,,0),

—oo

(13)

where P(xg, 0) is the initial condition and the diffusion
propagator

G,y (x,11x,,0) = expl—(x—x,)* 1 21] (14)

1
e
denotes the conditional probability that the Brownian par-
ticle reaches x at time ¢, starting from xy at = 0. It was
M. Kac who first made the important observation’ that
this diffusion propagator can be interpreted, using Feyn-
man’s path integral formalism, as the quantum propagator
of a free particle from time 0 to time ¢. This is easy to see.
Using the property of the Gaussian noise in eq. (11) and
the Langevin eq. (10), it is clear that the probability of
any path {x(T)} can be written as

I3 2
P[{x,(T)}]“eXp[—%I(%] dr].

0

(15)

Thus the diffusion propagator, i.e. the probability that a
path goes from xp at £ = 0 to x at ¢ can be written as a sum
of over the contributions from all possible paths propa-
gating from xg at T=0 to x at T=¢. This sum is indeed
Feynman’s path integral"

x(t)=x 1 t dx 2
Gy (x,t1x,,0]= Dx(1) exp ——I(—] &t |. (16)
x(0)=x, [ 2o\
One immediately identifies the term %(%)2 as the classi-
cal kinetic energy of a particle of unit mass and the inte-
gral %H) (%)2dr as the Lagrangian of a free particle of
unit mass. Following Feynman'®, one then identifies the
path integral in eq. (16) as a quantum propagator

G (3, 1x,0) = (xl e | 1), (17)

A 2 . . .
where H, = —%aa—z is the quantum Hamiltonian of a free

particle (we have set the mass m=1 and the Planck’s
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constant 7 = 1). To make the connection complete, the
quantum propagator on the r.h.s of eq. (17) can be easily
evaluated by expanding it in the free particle eigenbasis.
Noting that I:IO has free particle eigenfunctions y, (x) =

ﬁeikx with eigenvalue k*/2, one gets

Gy (11 %,0) = (xle™™ 1) =[xl )k e ¥ 2dk

_ T K=k 2 4
n

—oo

(18)

Performing the Gaussian integration, one gets back the
classical result in eq. (14) that was obtained by solving
the diffusion equation. Thus the two approaches, one by
solving a partial differential equation usually referred to
as the Fokker—Planck approach and the other using the
path integral method are completely equivalent.

One may argue that once the basic propagator is known,
the Brownian motion is well understood and there is
nothing else interesting left to study! This is simply not
true because there are intricate questions associated with
the diffusion process that are often rather nontrivial. A
notable nontrivial example is the calculation of the
persistence exponent associated with a diffusion
process'®. Consider a diffusive field ¢(7,#) evolving via
the d-dimensional diffusion equation

90 _ g2,

(19)
ot

starting from the initial condition ¢(#,#) which is a random

Gaussian field, uncorrelated in space. The solution at

time ¢ can be easily found using d-dimensional trivial

generalization of the diffusion propagator in eq. (14)

(710 = WId?o(I)(?o,O)exp[—(?— 7o) 1211 (20)

Now, suppose that we fix a point 7 in space and monitor
the field ¢(7,7) there as a function of time r and ask:
what is the probability P(¢) that the field ¢(7,z) at 7
does not change sign up to time ¢ starting initially at the
random value (b(?,t)? By translational invariance, P(f)
does not depend on the position 7. This probability P(r)
is called the persistence probability that has generated a
lot of interest over the last decade in the context of non-
equilibrium systems'®. For the simple diffusion process in
eq. (20), it is known, both theoretically'® and experimen-
tally'® that at late times ¢, the persistence P(¢) has a power
law tail P() ~ r° where the persistence exponent 6 is
nontrivial (even in one dimension!), e.g., 8 =0.1207 in
d=1,0=0.1875ind=2,0=0.2380 in d = 3, etc. While
this exponent 6 is known numerically very precisely and
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also very accurately by approximate analytical methods',
an exact calculation of 0 has not yet been achieved and it
remains as an outstanding unsolved problem for the dif-
fusion process'’. This example thus clarifies that while
the knowledge of the diffusion propagator is necessary, it
is by no means sufficient to answer more detailed history-
related questions associated with the diffusion process.

Note that in the persistence problem discussed above,
the relevant stochastic process at a fixed point 7 in
space, whose properties one is interested in, is actually a
more complex non-Markovian process'* even though it
originated from a simple diffusion equation. In this arti-
cle, we will stay with our simple Brownian motion in eq.
(10) which is a Markov process and discuss some of the
nontrivial aspects of this simple Brownian motion. In
many applications of Brownian motion in physics, fi-
nance and computer science, the relevant Brownian proc-
ess is often constrained. For example, an important issue
is the first-passage property of a Brownian motion'*?, i.e.
the distribution of the first time that a Brownian process
crosses the origin? For this, one needs to sample only a
subset of all possible Brownian paths that do not cross
the origin up to a certain time. This can be achieved by
imposing the constraint of no crossing on a Brownian
path. Apart from the constrained Brownian motion, some
other applications require a knowledge of the statistical
properties of a Brownian functional up to time ¢, defined
as T, = f(') U(x(1))dt, where U(x) is a specified function.
We will provide several examples later and will see that
while the properties of a free Brownian motion are rather
simple and are essentially encoded in its propagator in eq.
(14), properties of constrained Brownian motion or that
of a Brownian functional are often nontrivial to derive
and the path integral technique discussed above is par-
ticularly suitable to address some of these issues.

Brownian motion with constraints: first-passage
property

As a simple example of a constrained Brownian motion,
we calculate in this subsection the first-passage probabi-
lity density flxp, £). The quantity f(xy, H)dz is simply the
probability that a Brownian path, starting at x, at =0,
will cross the origin for the first time between time ¢ and
t + dt. Clearly, fixy, 1) = —dq(x,, 1)/dt where g(xg, 1) is the
probability that the path starting at xo at 1= 0 does not
cross the origin up to t. The probability g(x, f) can be
easily expressed in terms of a path integral

) x(£)=x
gCx,0) = [dx Dx(1)
0 x(0)=x
1 t dx 2 t
exp!—gl(a;] dr]lle[x@)L ey
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where the paths propagate from the initial position x(0) =
Xo to the final position x at time ¢ and then we integrate x
over only the positive half-space since the final position x
can only be positive. The term [I;_,0[x(t)] inside the
path integral is an indicator function that enforces the
constraint that the path stays above the origin up to z. We
then identify the path integral in eq. (21) as an integral
over a quantum propagator,

q(xo,t)ZIde(x,tlxo,O); Gx,t1%0,0) = (xle™™ | x,),
0

(22)
where the Hamiltonian H, = —%BTZZ—i-V(x) with the quan-
tum potential V(x) =0 if x>0 and V(x) = e if x <0. The
infinite potential for x < 0 takes care of the constraint that
the path cannot cross the origin, i.e. it enforces the condi-
tion [I._,0[x(t)]. The eigenfunction of H, must vanish
at x =0, but for x > 0 it corresponds to that of a free par-
ticle. The_correctly normalized eigenfunctions are thus
Yi(x) = \/ﬁzsin(kx) with k>0 with eigenvalues k*/2. The
quantum propagator can then be evaluated again by de-
composing into the eigenbasis

oo

G(x,11x,,0) = T% f sin(kxo)sin(kx)e_kzﬁzdk
0
_ ;[e—(x—xo)znt _e—(x+x0)2/2t]' (23)
e
Note that this result for the propagator can also be de-
rived alternately by solving the diffusion equation with
an absorbing boundary condition at the origin. The result
in eq. (23) then follows by a simple application of the
image method'®*°. Integrating over the final position in x
one gets from eq. (22) the classizcal result”, q(xp, 1) =
erf(x/ 2t ) where erf(z) = LJS e " du. The first-passage
probability density is then given by

2
dg(xp,t)  xp €0

dr \/ﬁ 32

S(x,)=— (24)

For t > xg, one thus recovers the well known #>* decay
of the first-passage probability'>'? density.

Brownian functionals: Feynman—Kac formula

In this subsection we will discuss how to calculate the
statistical properties of a Brownian functional defined as

T = j U (x(t))d, (25)
0
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where x(T) is a Brownian path starting from x, at T=0 and
propagating up to time T = ¢ and U(x) is a specified func-
tion. Clearly 7 is random variable taking different values
for different Brownian paths. The goal is to calculate its
probability distribution P(T, tlxy). The choice of U(x) de-
pends on which quantity we want to calculate. Brownian
functionals appear in a wide range of problems across
different fields ranging from probability theory, finance,
data analysis, disordered systems, and computer science.
We consider a few examples below.

1. In probability theory, an important object of interest
is the occupation time, i.e. the time spent by a Brownian
motion above the origin within a time window of
size ¢ (ref. 21). Thus the occupation time is simply,
T= |/ 0[x(1)]dt. Thus, in this problem the function
U(x) = 0(x).

2. For fluctuating (1 + 1)-dimensional interfaces of the
Edwards-Wilkinson®* or the Kardar—Parisi-Zhang
(KPZ)® varieties, the interface profile in the stationary
state is described by a one-dimensional Brownian
motion in space®*. The fluctuations in the stationary
state are captured by the pdf of the spatially aver-
aged variance of height fluctuations® in a finite sys-
tem of size L, i.e. the pdf of 6° = L]§ h* (x)dx where
h(x) is the deviation of the height from its spatial
average. Since h(x) performs a Brownian motion in
space, o’ is a functional of the Brownian motion as
in eq. (25) with U(x) = x.

3. In finance, a typical stock price S(T) is sometimes
modelled by the exponential of a Brownian motion,
S(1) = e ™ where B is a constant. An object that
often plays a crucial role is the integrated stock price
up to some ‘target’ time 7, i.e. T = f(') e P4t (ref. 26).
Thus in this problem U(x) = ¢ ™. Interestingly, this
integrated stock price has an interesting analogy in a
disordered system where a single overdamped parti-
cle moves in a random potential. A popular model is
the so-called Sinai model” where the random poten-
tial is modelled as the trace of a random walker in
space. Interpreting the time T as the spatial distance,
x(7) is then the potential energy of the particle and
¢ is just the Boltzmann factor. The total time 7 is
just the size of a linear box in which the particle is
moving. Thus T= | ¢™Pdt is just the partition
function of the particle in a random potential®®. In
addition, the exponential of a Brownian motion also
appears in the expression for the Wigner time delay
in one-dimensional quantum scattering process by a
random potential®.

4. In simple models describing the stochastic behav-
iour of daily temperature records, one assumes that
the daily temperature deviation from its average is a
simple Brownian motion x(T) in a harmonic poten-
tial (the Ornstein—Uhlenbeck process). Then the
relevant quantity whose statistical properties are of
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interest is the so-called ‘heating degree days’ (HDD)
defined as T = ff) x(1)0(x(7))dt that measures the in-
tegrated excess temperature up to time ¢ (ref. 30).
Thus in this example, the function U(x) = x0(x).

5. Another quantity, first studied in the context of eco-
nomics®' and later extensively by probabilists® is
the total area (unsigned) under a Brownian motion,
ie. T= H) x(T)ldt, Thus in this example, U(x) = lxl.
The same functional was also studied by physicists
in the context of electron—electron and phase coher-
ence in one-dimensional weakly disordered quantum
wire™.

We will mention several other examples as we go along.
Note that in all the examples mentioned above the func-
tion U(x) is such that the random variable T has only
positive support. Henceforth we will assume just that. For
a given such function U(x), how does one calculate the
pdf of 7?7 It was Kac who, using the path integral techni-
ques developed by Feynman in his Ph D thesis, first devi-
sed a way of computing the pdf P(T, tlxy) of a Brownian
functional’ that led to the famous Feynman—Kac formula.
We summarize below Kac’s formalism.

Feynman—Kac formula. Since T has only positive support,
a natural step is to introduce the Laplace transform of the
pdf P(T, tlxy),

oo

Q(xo’t) = Ie_pTP(T,t I xo)dT — Exo [e_PLt)U(X(T))dT 1 (26)
0

where the r.h.s is an expectation over all possible Brownian
paths {x(t)} that start at x; at T=0 and propagate up to
time T =t We have, for notational simplicity, suppressed
the p dependence of Q(xo, f). Using the measure of the
Brownian path in eq. (15), one can then express the expec-
tation on the r.h.s of eq. (26) as a path integral

) x(£)=x
Qi1 = E [PV = [av [ Datr)
“o x(0)=x,
t 2
1 dx
exp —Idr 2 +pu) Q7
0 2{dt
= [dvere™ 1x), (28)
where the quantum Hamiltonian H = —%a—zz—i- pU(x) cor-

responds to the Schrédinger operator with a potential
pU(x). Note that in eq. (27) all paths propagate from
x(0) = x9 to x(¢) = x in time 7 and then we have integrated
over the final position x. The quantum propagator
G(x, tlxg) = (xle | x,) satisfies a Schrodinger-like equa-
tion
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oG 19%°G
— =~ pUW)G,
PR pU(x)

(29)
which can be easily established by differentiating
G(x, theg) = (xle™™ I x,) with respect to r and using the
explicit representation of the operator H . The initial
condition is simply, G(x, Olxy) = 8(x—xo). Thus the scheme
of Kac involves three steps: (i) solve the partial differen-
tial eq. (29) to get G(x, tlxy) (ii) integrate G(x, tlxy) over
the final position x as in eq. (28) to obtain the Laplace
transform Q(x,, #) and (iii) invert the Laplace transform in
eq. (26) to obtain the pdf P(T, tlxy). The eqs (26), (28)
and (29) are collectively known as the celebrated Feyn-
man-Kac formula.

A shorter backward Fokker—Planck approach. An alter-
native and somewhat shorter approach would be to write
down a partial differential equation for Q(x,, ) in eq. (28)
directly. An elementary exercise yields

W0 _19°Q
e PUe (30)

where note that the spatial derivatives are with respect to
the initial position x,. This is thus a ‘backward’ Fokker—
Planck approach as opposed to the ‘forward” Fokker—
Planck equation satisfied by G in eq. (29) of Kac where
the spatial derivatives are with respect to the final posi-
tion of the particle. Basically we have reduced the addi-
tional step (ii) of integrating over the final position in
Kac’s derivation. The solution Q(xo, #) of eq. (30) must
satisfy the initial condition Q(xp, 0) =1 that follows di-
rectly from the definition in eq. (26). To solve eq. (30), it
is useful to take a further Laplace transform of eq. (30)
with respect to 1, Q (x,0) =[5 Q(x,,1)e ™ dz. Using the
initial condition Q(xg, 0) = 1, one arrives at an ordinary
second order differential equation

1d%Q -
——-la+pUx) Q=-1,
2 dxg

(3D

which needs to be solved subject to the appropriate
boundary conditions that depend on the behaviour of the
function U(x) at large x. Given that T = f(’) U(x(1))dT has
positive support, there are two typical representative as-
ymptotic behaviours of U(x):

1. If the function U(x) approaches a constant value at
large x, i.e. U(x) = c1 as x — Too, then it is easy to
argue (for an example, see below) that Q(xg — too,
o) = 1/[pcs + 0]. In thaizs case, the underlying quantum

1

Hamiltonian H = —5>5+pU(x) has scattering states
X

in its spectrum, in addition to possible bound states.
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2. If the function U(x) — oo as x — too, then Q(xy — too,
o) = 0. In this case the underlying quantum Hamilto-
nian A has only bound states and hence a discrete
spectrum.

Thus, in principle, knowing the solution Q(xo,(x) of eq.
(31), the original pdf P(T, tlxy) can be obtained by invert-
ing the double Laplace transform

Q0 (x,,00) = f dre™ f dTe P P(T,t 1 ). (32)
0 0

Below we provide an example where all these steps can
be carried out explicitly to obtain an exact closed form
expression for the pdf P(7, tlxg).

A simple illustration: Lévy’s arcsine law for the
distribution of the occupation time

As an illustration of the method outlined in the previous
subsection, let us calculate the distribution of the occupa-
tion time 7T = H) O[x(t)]dt. This distribution was first
computed by Lévy using probabilistic methods®'. Later
Kac derived it using Feynman—Kac formalism discussed
above’. We present here a derivation based on the back-
ward Fokker—Planck approach outlined above.

Substituting U(xg) = 8(xp) in eq. (31) we solve the dif-
ferential equation separately for xy > 0 and x¢ < 0 and then
match the solution at xy =0 by demanding the continuity of
the solution and that of its first derivative. In addition, we
use the boundary conditions Q (x, —>o,a) = 1/(0 + p)
and Q (x, = —,0) =1/0a. They follow from the observa-
tions:

1. If the starting point xy — oo, the particle will stay on the
positive side for all finite ¢ implying 7'= H) O(x(t)dt=1
and hence Q(xg — o, 1) = E[e™] = ¢ and its Laplace
transform Q (x, — oo, 00) = [ ™ ®dr = 1/(01 + p).

2. If the starting point xy — —oo, the particle stays on the
negative side up to any finite ¢ implying 7= f(’) 0(x(1))dt
=0 and hence Q(xo— —o0, ) =Ele”]=1 and its
Laplace transform Q (x, — —oo,0t) = Ig’ e¥dr = 1/q.

Using these boundary and matching conditions, one obtains
an explicit solution

L |, Qotp —0) _ pari
+ e
p) Jou

Q0 (x,,0) =

(o +

for x, >0 (33)

:i{l_,_i(\/a_ VOH-P)eme} for x, <0.(34)
04 1/(x+p
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The solution is simpler if the particle starts at the origin
xo = 0. Then one gets from above

1

,/oc(oc +p) '

Inverting the Laplace transform, first with respect to p
and then with respect to o, one obtains the pdf of the oc-
cupation time for all 0 <7< ¢

Q(0,a) = (35)

1

1
P(T,tlx,=0)=—n—. (36)
0 n 1/T(t—T)
In particular, the cumulative distribution
T
f P(T', 1 x, =0)dT" = 2 aresin [\/Z ] (37)
0 T 1

is known as the famous arcsine law of Lévy”'.

The result in eq. (36) is interesting and somewhat
counterintuitive. The probability density peaks at the two
end points 7= 0 and 7=t and has a minimum at 7= 1/2
which is also the average occupation time. Normally one
would expect that any ‘typical’ path would spend roughly
half the time #/2 on the positive side and the other half on
the negative side. If that was the case, one would have a
peak of the occupation time distribution at the average
value #/2. The actual result is exactly the opposite — one
has a minimum at 7 = #2! This means that a typical path,
starting at the origin, tends to stay either entirely on the
positive side (explaining the peak at 7 =¢) or entirely on
the negative side (explaining the peak at 77=0). In other
words, a typical Brownian path is ‘stiff” and reluctant to
cross the origin. This property that ‘the typical is not the
same as the average’ is one of the hidden surprises of
Einstein’s Brownian motion.

The concept of the occupation time and related quanti-
ties have been studied by probabilists for a long time™".
Recently they have played important roles in physics as
well, for example in understanding the dynamics out of
equilibrium in coarsening systems™, ergodicity properties
in anomalously diffusive processes™’, in renewal proc-
esses37, in models related to spin glasses38, in understand-
ing certain aspects of transport properties in disordered
sysyems” and also in simple models of blinking quantum
dots™®.

4. Area under a Brownian excursion:
Applications in physics and computer science

In this section we consider an example where, by applying
the path integral method outlined in the previous section,

one can compute exactly the distribution of a functional
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of a Brownian process that is also constrained to stay
positive over a fixed time interval [0, #]. A Brownian mo-
tion x(1) in an interval 0 <1 <7y, that starts and ends at the
origin x(0) = x(r) = 0 but is conditioned to stay positive in
between, is called a Brownian excursion. The area under
the excursion, A = jg x(1)dt, is clearly a random variable
taking a different value for each realization of the excur-
sion. A natural question that the mathematicians have
studied quite extensively*'™ over the past two decades
is: what is the pdf P(A, 7) of the area under a Brownian
excursion over the interval [0, ¢]? Since the typical lateral
displacement of the excursion at time T scales as \/’E_ it
follows that the area over the interval [0, #] will scale as
% and hence its pdf must have a scaling form, P(A, 1) =
t’3/2j(A/t3/2). The normalization condition IB" PA, ndA=1
demands a prefactor % and also the conditions: f{x) >0
for all x and jg’j(x)dx = 1. One then interprets the scaling
function flx) as the distribution of the area under the
Brownian excursion x(u#) over a unit interval u € [0, 1].
The function f(x), or rather its Laplace transform, was
first computed analytically by Darling*’ and independ-
ently by Louchard®,

Fo)= [ f(wedx = sy i e (38)
0 k=1

where oy’s are the magnitudes of the zeros of the stan-
dard Airy function Ai(z). The Airy function Ai(z) has dis-
crete zeros on the negative real axis at e.g. z =-2.3381,
z=-4.0879, z=-5.5205, etc. Thus, o; =2.3381...,
0, =4.0879..., 0;3=15.5205..., etc. Since the expression
of flx) involves the zeros of Airy function, the function
f(x) has been named the Airy distribution function®,
which should not be confused with the Airy function
Ai(x) itself. Even though eq. (38) provides a formally ex-
act expression of the Laplace transform, it turns out that
the calculation of the moments M, = |3 x"f{x)dx is highly
nontrivial and they can be determined only recursively®
(see §2). Takacs was able to formally invert the Laplace
transform in eq. (38) to obtain®’,

NRS
ﬂm=jg_

eI (=516,413,b, 157),  (39)

where b, = Z(Xi /27 and U(a, b, 7) is the confluent hyper-

geometric function*’. The function f{x) has the following

asymptotic tails***%,

3 2
F(x) ~ x24T a5 x50

F)~e™ as x>, (40)

So, why would anyone care about such a complicated
function? The reason behind the sustained interest and
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study®* ™ of this function f{x) seems to be the fact that it

keeps resurfacing in a number of seemingly unrelated
problems, in computer science, graph theory, two-dimen-
sional growth problems and more recently in fluctuating
one-dimensional interfaces. We discuss below some of
these applications.

The result in eq. (38) was originally derived using
probabilistic methods*"**. A more direct physical deriva-
tion using the path integral method was provided more
recently*’, which we outline below. Following the discus-
sion in the previous section, our interest here is in the
functional T=A = ff) x(t)dt. However, we also need to
impose the constraint that the path stays positive between
0 and ¢, i.e. we have to insert a factor I1;0[x(t)] in the
path integral. However, one needs to be a bit careful in
implementing this constraint. Note that the path starts at
the origin, i.e. x(0) = 0. But if we take a continuous time
Brownian path that starts at the origin, it immediately re-
crosses the origin many times and hence it is impossible
to restrict a Brownian path to be positive over an interval
if it starts at the origin. One can circumvent this problem
by introducing a small cut-off €, i.e. we consider all paths
that start at x(0) = € and end at x(¢) = € and stays positive
in between (see Figure 1). We then first derive the pdf
P(A, 1, €) and then take the limit € — 0 eventually.

Following the method in the previous section, the
Laplace transform of the pdf is now given by

x(t)=¢

Q.0 =E e % = — [ Dar)
E x(0)=¢
t
—t drd 2
¢ [5at[L(dxsdr) +px(T)]He[x(T)]' (41)
where Z¢ is a normalization constant
x(r)=¢ L g (de/dey? P
Zp = Da(r) e 20 TT01x0)] (42)
x(0)=¢ =0
x(T) BROWNIAN EXCURSION
€ €
0
0 T t
Figure 1. A Brownian excursion over the time interval 0 < 1 < ¢ start-

ing at x(0) = € and ending at x(¢) = € and staying positive in between.
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that is just the partition function of the Brownian excur-
sion.
Clearly, Zg= (ele” ay le) where H ————+V(x)

with the potential V(x) =0 for x>0 and V(% = oo for
x<0. We have already evaluated this in §3 in eq. (23).
Puttlng X =xg==¢1n eq. (23) we get Zg = G(g, 1le, 0) = (1-
e t)/«/ﬁ The path integral in the numerator in eq.
(41) is simply the propagator (ele™ |e) where the
Hamiltonian H = 7 4=+ pU(x) with a triangular poten-
tial U(x) = x for x > 0 and U(x) = e for x < 0. The Hamil-
tonian H has only bound states and discrete eigenvalues.
Its eigenfunctions are simply shifted Airy functions and
eigenvalues are given by the negative of the zeros of the
Airy function. Expanding the propagator into its eigen-
basis and finally taking the € — 0 limit (for details see
ref. 49), one derives the result

2/3
)

Q0,1 = IP(A, NePAdA =21 (pt3/2)ze—2’”3ock<prm
0 k=l
(43)

where oy’s are the negative of the zeros of the Airy func-
tion. The result in eq. (43) indicates that its inverse
Laplace transform has the scaling form, P(A, 1) = 2
fAr™"?) where the Laplace transform of the scaling func-
tion flx) is given in eq. (38).

Applications of the Airy Distribution Function. The
Airy distribution function in eq. (39) has appeared in a
number of applications ranging from computer science
and graph theory to physics. Below we mention some of
these applications.

1. Cost function in data storage. One of the simplest
algorithms for data storage in a linear table is called the
linear probing with hashing (LPH) algorithm. It was
originally introduced by D. Knuth® and has been the ob-
ject of intense study in computer science due to its sim-
plicity, efficiency and general applicability**. Recently it
was shown®' that the LPH algorithm gives rise to a corre-
lated drop-push percolation model in one dimension that
belongs to a different universality class compared to the
ordinary site percolation model. Knuth, a pioneer in the
analysis of algorithms, has indicated that this problem has
had a strong influence on his scientific career**. The LPH
algorithm is described as follows: Consider M items
X1, X2, ... , X3 to be placed sequentially into a linear table
with L cells labelled 1, 2, ... , L where L > M. Initially all
cells are empty and each cell can contain at most one
item. For each item x;, a hash address h; € {1, 2, ..., L}
is assigned, i.e. the label A4; denotes the address of the cell
to which x; should go. Usually the hash address #; is cho-
sen randomly from the set {1,2,...,L}. The item x; is
inserted at its hash address h; provided the cell labelled A;
is empty. If it is already occupied, one tries cells s; + 1,
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h; + 2, etc. until an empty cell is found (the locations of
the cells are interpreted modulo L) where the item x; is fi-
nally inserted. In the language of statistical physics, this
is like a drop-push model. One starts with an empty peri-
odic lattice. A site is chosen at random and one attempts
to drop a particle there. If the target site is empty, the in-
coming particle occupies it and one starts the process
with a new particle. If the target site is occupied, then the
particle keeps hopping to the right until it finds an empty
site which it then occupies and then one starts with a new
particle and so on (Figure 2).

From the computer science point of view, the object of
interest is the cost function C(M, L) defined as the total
number of unsuccessful probes encountered in inserting
the M items into a table of size L. In particular, the total
cost C=C(L, L) in filling up the table is an important
measure of the efficiency of the algorithm. The cost C is
clearly a random variable, i.e. it has different value for
different histories of filling up the table. A central ques-
tion is: What is its pdf P(C, L)? It has been shown rigor-
ously by combinatorial methods** that P(C,L) has a
scaling form for large L, P(C, L) ~ L™ {CL™?) where
the scaling function flx) is precisely the Airy distribution
function in eq. (39) that describes the distribution of area
under a Brownian excursion. To understand the connec-
tion between the two problems, consider any given his-
tory of the process where the table, starting initially with
all sites empty, gets eventually filled up. We define a sto-
chastic quantity X; that measures the total number of attempts
at site { till the end of the process in any given history.
Clearly X; 2 1 and out of X; attempts at site i, only one of
the attempts (the first one) has been successful in filling
up the site, the rest (X; — 1) of them had been unsuccess-
ful. Thus, the total cost is C = L=, (X; — 1). Now, the site
(i-1) has been attempted X; ; times, out of which only the
first one was successful and the rest (X;_; — 1) attempts re-
sulted in pushing the particle to the right neighbour i and
thus each of these unsuccessful attempts at (i — 1) result

® O 5

O 4
/\/\?
° Y

3

10 ©

1 2

Figure 2. The LPH algorithm for a table of 10 sites. The figure shows
an incoming item which chose randomly the site 1 to drop, but since
site 1 is already occupied, the incoming item keeps hopping to the right
until it finds an empty cell at location 4 to which it gets absorbed.
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in an attempt at site i. Thus, one can write a recursion re-
lation

X=X -1+ (44)
where &; is a random variable that counts the number of
direct attempts (not coming from site (i — 1)) at site i.
Thus Prob(§ = k) = Prob (the site i is chosen for direct hit
k times out of a total L trials) = (£) (1/L)"(1 - /)",
since for random hashing, the probability that site i is
chosen, out of L sites, is simply 1/L. Clearly the noise &
has a mean value, {§) = 1. If we now define x; = X; — 1, then
x;’s satisfy

X=X + My, (45)
where m; = &; — 1 is a noise, independent from site to site,
and for each site i, it is chosen from a binomial distribution.
Note that {n;) ={&;) — 1 =0. Thus, x;’s clearly represent a
random walk in space from 0 to L with periodic boundary
conditions. Moreover, since X; 2> 1, we have x; >0, indi-
cating that it is a discrete version of a Brownian excur-
sion and the total cost C= Y2 (X—1) = L&, x; is just the
area under the Brownian excursion. For large number of
steps L, the discrete and the continuum version share the
same probability distribution, thus proving that the prob-
ability distribution of the total cost in LPH algorithm is
precisely the same as that of the area under a Brownian
excursion.

2. Internal path lengths on rooted planar trees. Rooted
planar trees are important combinatorial objects in graph
theory and computer science’”. Examples of rooted planar
trees with n + 1 = 4 vertices are shown in Figure 3. There
are in general C,y = ﬁ(zn") number of possible rooted
planar tree configurations with (n + 1) vertices. For ex-
ample, C; =1, G, =1, C3=2, C; =35, Cs= 14, etc., these
are the Catalan numbers. An important quantity of inter-

P

7\ AN
N\
7 ;

TREE

/N

m —= 2n
BROWNIAN EXCURSION

Figure 3. The 5 possible rooted planar tree with (3 + 1) vertices.
Each configuration has an associated total internal path length  listed
below the configuration. Any given tree configuration, say the second
one in the figure, has a one to one correspondence to a Dyck path, i.e. a
configuration of a Brownian excursion (discrete time random walk).
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est is the total internal path length 4 of a tree which is
simply the sum of the distances of all the n vertices from
the root, d = Y, d;, d; being the distance of the ith vertex
from the root. Each tree configuration has a particular
value of d, e.g. in Figure 3 the 5 different configurations
have values d=6, d=4, d=4, d=5 and d =3 respec-
tively. Suppose that all C,,, configurations of trees for a
fixed n are sampled with equal probability: what is the
probability density P(d, n) of the internal path length d?
This problem again can be mapped® to the problem of
the area under a Brownian excursion as shown in Figure
3. Starting from the root of a planar tree with (n + 1) verti-
ces, suppose one traverses the vertices of a tree as shown
by the arrows in Figure 3, ending at the root. We think of
this route as the path of a random walker in one dimen-
sion. For each arrow pointing away from the root on the
tree, we draw a step of the random walker with an up-
ward slope. Similarly, for each arrow pointing to the root
on the tree, we draw a step of the random walker with a
downward slope. Since on the tree, one comes back to the
root, it is evident by construction that the corresponding
configuration of the random walker x, is an excursion
(i.e. it never goes to the negative side of the origin) that
starts at the origin and ends up at the origin after 2n steps,
xo =0 and x,,=0. Such excursions of a discrete random
walk are called Dyck paths. Now, the total internal path
length d of any tree configuration is simply related to the
total ‘area’ under a Dyck path via, 2d = Zi”zlxm + 7, as
can be easily verified. Now, for large n, Dyck paths es-
sentially becomes Brownian excursions and the object

51”:1 X, 1s simply the area A,, under a Brownian excur-
sion over the time interval [0, 2x]. Since A,, ~ (2n)3/2 for
large n, it follows that d ~ A,,/2. Therefore, its probability
density P(d.n) has a scaling form, P(d,n)=
—L_ f(d/N2n’) where flx) is precisely the Airy distribu-
(Y8R function in eq. (39).

3. Maximal relative height distribution for fluctuating
interfaces. Fluctuating interfaces have been widely
studied over the last two decades as they appear in a vari-
ety of physical systems such as growing crystals, molecu-
lar beam epitaxy, fluctuating steps on metals and growing
bacterial colonies®. The most well studied model of a
fluctuating (1 + 1)-dimensional surfaces is the so-called
Kardar—Parisi-Zhang (KPZ) eq. (23) that describes the
time evolution of the height H(x, #) of an interface growing
over a linear substrate of size L via the stochastic partial
differential equation

OH (x,1) _ azH(x,t)_i_k(aH(x,t) 46)

2
) _2HG | ncen,

where N(x, 1) is a Gaussian white noise with zero mean
and a correlator, {N(x, O, 1)) = 28(x—x")d(z—1"). If the
parameter A =0, the equation becomes linear and is
known as the Edwards—Wilkinson eq. (22). We consider

2086

the general case when A > 0. The height is usually meas-
ured relative to the spatially averaged height, i.e. h(x, ) =
H(x, 1) - jé H(x’, )dx’/L. The joint probability distri-
bution of the relative height field P({h}, ) becomes time-
independent as t — o in a finite system of size L. An im-
portant quantity that has created some interests recently™ > is
the pdf of the maximal relative height (MRH) in the sta-
tionary state, i.e. P(h,,, L) where

h, = lim max [{h(x,0)}, 0<x<L]. (47
t—o0

This is an important physical quantity that measures the
extreme fluctuations of the interface heights. Note that in
this system the height variables are strongly correlated in
the stationary state. While the theory of extremes of a set
of uncorrelated (or weakly correlated) random variables
is well established™, not much is known about the distri-
bution of extremes of a set of strongly correlated random
variables. Analytical results for such strongly correlated
variables would thus be welcome from the general theo-
retical perspective and the system of fluctuating interfaces
provides exactly the opportunity to study the extreme dis-
tribution analytically in a strongly correlated system. This
problem of finding the MRH distribution was recently
mapped*™ again to the problem of the area under a
Brownian excursion using the path integral method out-
lined in §3 and it was shown that for periodic boundary
conditions, P(h,, L) = L™ fih,/~JL) where f(x) is again
the Airy distribution function in eq. (39). Interestingly,
the distribution does not depend explicitly on A. This is
thus one of the rare examples where one can calculate
analytically the distribution of the extreme of a set of
strongly correlated random variables**.

4. Other applications. Apart from the three examples
mentioned above, the Airy distribution function and its
moments also appear in a number of other problems. For
example, the generating function for the number of inver-
sions in trees involves the Airy distribution function f{x)
(ref. 57). Also, the moments M,’s of the function f{x) ap-
pear in the enumeration of the connected components in a
random graph®®. Recently, it has been conjectured and
subsequently tested numerically that the asymptotic pdf
of the area of two-dimensional self-avoiding polygons is
also given by the Airy distribution function flx) (ref. 59).
Besides, numerical evidence suggests that the area en-
closed by the outer boundary of planar random loops is
also distributed according to the Airy distribution func-
tion flx) (ref. 59).

5. First-passage Brownian functional

So far we have studied the pdf of a Brownian functional
over a fixed time interval [0, #]. In this section, we show
how to compute the pdf of a Brownian functional over
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the time interval [0, # where # is the first-passage time of
the process, i.e. # itself is random. More precisely, we
consider a functional of the type

tr
T = j U (x(x))dt (48)
0

where x(T) is a Brownian path starting from x, =0 at
T=0 and propagating up to time T =# and U(x), as be-
fore, is some specified function. The integral in eq. (48)
is up to the first-passage time # which itself is random in
the sense that it varies from realization to realization of
the Brownian path (see Figure 4). Such functionals ap-
pear in many problems (some examples are given below)
in physics, astronomy, queuing theory, etc. and we will
generally refer to them as first-passage Brownian functionals.

We would like to compute the pdf P(Tlxg) of T in eq.
(48) given that the Brownian path starts at the initial posi-
tion xo. As before, it is useful to consider the Laplace
transform

oo

Q@w=féwrmTL%mT:<gMmewm%
0

(49)

where the rhs is an average over all possible Brownian
paths starting at xo at T= 0 and stopping at the first time
they cross the origin. For brevity, we have suppressed the
p dependence of Q(xy). Note that each path, starting from
X9, evolves via eq. (10) where &(¢) is a delta correlated
white noise. Note also that #; varies from path to path.
Thus at first sight, this seems to be a rather difficult prob-
lem to solve. However, we will see now that in fact this
problem is simpler than the previous problem over a
fixed time interval [0, 7]!

To proceed, we split a typical path over the interval
[0, #] into two parts: a left interval [0, At] where the
process proceeds from xg to xp+ Ax= x5+ E0)AT in a
small time At and a right interval [AT, #] in which the

x(7)

X0
first—passage time

tf T

Figure 4. A Brownian path x(t), starting at xo at T =0, crosses the
origin for the first time at T = #;, #;being the first-passage time.
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process starts at xo + Ax at time At and reaches 0 at time
t.. The integral ﬁ)f U(x(1))dt is also split into two parts:
fgf =J€T+JtAfT. Since the initial value is x;, one gets
jom U(x(1))dt = U(xp)AT for small At. Then the eq. (49)
can be written as

Q) = (e PI VN _ (mpUGA 0 LAY (50)

where we have used the fact that for the right interval
[AT, z, the starting position is xo+ Ax = xo + E(0)AT,
which itself is random. The average in the second line of
eq. (50) is over all possible realizations of Ax. We then
substitute Ax = &(0)AT in eq. (50), expand in powers of
At and average over the noise §(0). We use the fact that
the noise &(r) is delta correlated, i.e. (€%(0)) =1/AT as
At — 0. The leading order term on the right hand side of
eq. (50) is independent of AT and is simply Q(x;) which
cancels the same term on the left hand side of eq. (50).
Collecting the rest of the terms we get

142
de—og—pU(xo)Q(xo) AT +0((AT)) =0.

(5D

Equating the leading order term to zero provides us an
ordinary differential equation

14d?
de—g—pUuo)Q(xo):o,

0

(52)

which is valid in xy € [0, o] with the following boundary
conditions: (i) When the initial position xy — 0, the first-
passage time f#; must also be 0. Hence the integral
Lt)f U(x(1))dt = 0. From the definition in eq. (50), we get
Q(xp=0)=1 and (ii) when the initial position xy — oo,
the first-passage time ¢ —> o, hence the integral
Lt)f U(x(1))dt also diverges in this limit, at least when
U(x) is a nondecreasing function of x. The definition in
eq. (50) then gives the boundary condition, Q(xy — o) = 0.
So, given a functional U(x), the scheme would be to first
solve the ordinary differential eq. (52) with the appro-
priate boundary conditions mentioned above to obtain
Q(xg) explicitly and then invert the Laplace transform in
eq. (49) to get the desired pdf P(Tlx;) of the first-passage
functional. As a simple test of this method, let us first
consider the case U(x)=1. In this case the functional
T= K)f U(x(1))dt = t; is the first-passage time itself. The
differential eq. (52) can be trivially solved and the solu-
tion satisfying the given boundary conditions is simply

0(x,) = V2P (53)

Inverting the Laplace transform with respect to p gives
the pdf of the first-passage time
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2
—x5 /2ty
Xy €
P, 1xg) ==,

N

(54)

which is identical to the result in eq. (24) obtained by the
path integral method. Below we provide a few nontrivial
examples and applications of this method.

Area till the first-passage time

Here we calculate the pdf of the area under a Brownian
motion (starting at xo) till its first-passage time®. Thus
the relevant functional is A = ﬁ)f x(1)dt and hence U(x) = x.
In Figure 4, A is just the area under the curve over the
time interval [0, #]. This problem has many applications
in combinatorics and queuing theory. For example, an
important object in combinatorics is the area of a lattice
polygon in two dimensions’'. A particular example of a
lattice polygon is the rooted staircase polygon whose two
arms can be thought of as two independent random walk-
ers whose trajectories meet for the first time at the end of
the polygon. The difference walk between these two arms
then defines, in the continuum limit, a Brownian motion.
The area of such a polygon can then be approximated, in
the continuum limit, by the area under a single Brownian
motion till its first-passage time®. This picture also re-
lates this problem to the directed Abelian sandpile model®’
where #; is just the avalanche duration and the area A is
the size of an avalanche cluster. Another application
arises in queueing theory, where the length of a queue I,
after n time steps evolves stochastically®. In the simplest
approximation, one considers a random walk model,
l,=1, +&, where £,’s are independent and identically
distributed random variables which model the arrival and
departure of new customers. When the two rates equal,
(€, =0. In the large n limit, /, can be approximated by a
Brownian motion x(t), whereupon #; becomes the so-
called ‘busy’ period (i.e. the time until the queue first be-
comes empty) and the area A then approximates the total
number of customers served during the busy period.

Substituting U(x) = x in eq. (52), one can solve the dif-
ferential equation with the prescribed boundary condi-
tions and the solution is®

0(xy) = 32T 2/ DA p'x,), (55)
where Ai(z) is the Airy function. It turns out that this
Laplace transform can be inverted to give an explicit ex-
pression for the pdf®

21/3 X 2)63
P(Alxy) =2 exp| -0 |, 56
A= ST 4 p{ 94 (0)

Thus the pdf has a power law tail for large A >x%,
P(Alxg) ~A™ and an essential singularity P(Alxy) ~ exp
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[-2x3/9A] for small A — 0. Following the same tech-
niques, one can also derive the pdf of the area till the
first-passage time under a Brownian motion with a drift
towards the origin — in this case the pdf has a stretched
exponential tail for large A%, P(Alxy) ~ A exp[- 81> A /3]
where [ is the drift.

Note the difference between the pdf of the area P(Al
Xp), under a Brownian motion till its first-passage time
starting at xo at T =0, as given in eq. (56) and the pdf of
the area under a Brownian excursion P(A, #) in eq. (43).
In the latter case, the Brownian path is conditioned to
start at xp=0 at T=0 and end at x=0 at T =1, staying
positive in between, and one is interested in the statistics
of the area under such a conditioned path over the fixed
time interval ¢. In the former case on the other hand, one
is interested in the area under a free Brownian motion
starting at xp > 0 and propagating up to its first-passage
time ¢ that is not fixed but varies from one realization of
the path to another.

Time period of oscillation of an undamped particle
in a random potential

The study of transport properties in a system with quenched
disorder is an important area of statistical physics®. The
presence of a quenched disorder makes analytical calcula-
tions hard and very few exact results are known. Perhaps
the simplest model that captures some complexities asso-
ciated with the transport properties in disordered systems
is that of a classical Newtonian particle moving in a one-
dimensional random potential ¢(x)
2
m ST = P (el 45 0,

57
dr? de 67

where F(x) = —d¢/dx is the force derived from the random
potential ¢(x), T is the friction coefficient and &(z) is the
thermal noise with zero mean and a delta correlator,
EMER)) =2Dd( - ') with D=kgT/T by the Stokes—
Einstein relation’.

It turns out that even this simple problem is very hard
to solve analytically for an arbitrary random potential
¢(x). A special choice of the random potential where one
can make some progress is the Sinai potential’’, where
one assumes that ¢(x) = jgn(x’)dx’. The variables N(x)’s
have zero mean and are delta correlated {M(x;M(x,)) =
d(x; — x,). Thus the potential ¢(x) itself can be considered
as a Brownian motion in space. In the overdamped limit
when the frictional force is much larger than the inertial
force, eq. (57) then reduces to the Sinai model?’

FE— F(x=x(0)+&@)

dr 68

where the random force F(x) = —d¢/dx = n(x) is just a delta
correlated white noise with zero mean: {(F(x))=0 and

(F(x)F(x)) = d8(x — x°).
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Here we consider a simple model® where the particle
diffuses in the same Sinai potential ¢(x) = jgn(x’)dx’, but
we consider the opposite limit where the particle is un-
damped, i.e. I'=0 and is driven solely by the inertial
force. For simplicity, we also consider the zero tempera-
ture limit where the thermal noise term drops out of eq.
(57) as well and one simply has

d’x

m—-= F(x=x(1)), (59)
dr

where F(x) is a same random Sinai force as mentioned
above. We set m = 1 and assume that the particle starts at
the origin x = 0 with initial velocity v > 0. Thus the parti-
cle will move to the right till it reaches a turning point x,
where the potential energy becomes equal to the kinetic
energy, i.e. ¢(x,) =02 and then it will move back to
x =0 with a velocity —v (see Figure 5). After returning to
the origin with velocity —v, the particle will go to the left
till it encounters the first turning point on the left of the
origin where it will turn and then will return to the origin.
Let T and T° denote the time for the particle to go from
the origin to the turning point at the right and to the one
at the left respectively. Thus the particle will oscillate be-
tween the two turning points nearest to the origin on either
side and the time period of oscillation is Ty, = 2(T + T).
Note that the variables T and T° will vary from one sam-
ple of quenched disorder to another. The goal is to com-
pute the probability distribution of T and T° and hence
that of 7. Since ¢(x) is a Brownian motion in x, it fol-
lows from its Markov property that ¢(x) for x>0 and for
x <0 are completely independent of each other. Thus T
and T” are also independent and by symmetry, have iden-
tical distributions. The distribution of T, can then be
easily calculated by convolution.

To compute the pdf P(T) of T (starting at xy = 0), we
first express T as a functional of the Brownian potential

Figure 5.
velocity v. The right/left turning points are shown as x. and x.” respec-
tively where the potential energy first becomes equal to the kinetic en-
ergy, 0 = 0*/2.

A Newtonian particle in a Brownian potential with initial

CURRENT SCIENCE, VOL. 89, NO. 12, 25 DECEMBER 2005

(60)

where x. is defined as the point where ¢(x.) = v, On iden-
tifying the space as the time x =7 and the random poten-
tial ¢ as the trajectory of a random walk in space x, i.e.
¢ x, x> 1, Tin eq.(60) is of the general form in eq.
(48) with Ulx) = 1/,31)2 —2(x) and x.=t; denoting the
first-passage time to the level x = v*/2, starting at x,. Fol-
lowing the general scheme, we need to solve the differen-
tial eq. (52), now valid for —eo < xy < /2, with U(x) =1/

v> —2(x) and the boundary conditions, Q(xg — —) =0
and Q(xg — 02/2) =1. Upon finding the solution one

needs to put xy = 0 and then invert the Laplace transform.
This can be done explicitly and one obtains®

22/3 2 1 2 3
v pl-21|. 61)

) 3*31r2/3) °8 oT

This is one of the rare examples of an exact result on a
transport property in a quenched disorderd system, thus
illustrating the power of the approach outlined in this sec-
tion.

Distribution of the lifetime of a comet in solar
system

In this final subsection we provide an example from astro-
physics® where the general technique of the first-passage
Brownian functional is applicable. A comet enters a solar
system with a negative energy Ey < 0 and keeps orbiting
around the sun in an elliptical orbit whose semimajor axis
length a is determined by the relation Ey = —-GM/2a where
G is the gravitational constant and M is the mass of the
sun. It was first pointed out by Lyttleton® that the energy
of the comet gets perturbed by Jupiter each time the
comet visits the neighbourhood of the sun and the planets
and successive perturbations lead to a positive energy of
the comet which then leaves the solar system. It is con-
venient to work with the negative energy x=-E >0 of
the comet. We assume that the comet enters the solar system
with initial negative energy x and has values of x equal
to Xy, X3, ... , X, at successive orbits till the last one la-
belled by #, when its value of x crosses O (energy becomes
positive) and it leaves the solar system. The lifetime of
the comet is given by

T=Ulxo) + Ulx) + ... Ulxy), 62)

where U(x) is the time taken to complete an orbit with
negative energy x> 0. According to Kepler’s third law,
U(x) = cx? where ¢ is an constant which we set to ¢ = 1
for convenience. Moreover, a simple way to describe the
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perturbation due to Jupiter is by a random walk model,
Xn= Xo1 + &, where &, is the noise induced by Jupiter and
is assumed to be independent from orbit to orbit®. Within
this random walk theory, the lifetime of a comet in eq. (62),
in the continuum limit becomes a first-passage Brownian
functional®

5
T = [ dr,
0

(63)

where the random walk starts at x, and ends at its first-
passage time #r when it first crosses the origin. The pdf
P(Tlxy) was first obtained by Hammersley“. Here we
show how to obtain this result using the general approach
outlined here for first-passage Brownian functionals.

Following our general scheme, we thus have U(x) =x
in the differential eq. (52). The solution, satisfying the
proper boundary conditions, can be easily found

-3/2

Q(x) =16px; K, (32pai/™), (64)
where K>(7) is the modified Bessel function of degree 2.
Next, we need to invert the Laplace transform in eq. (64)
with respect to p. This can be done by using the following
identity

oo v/
Iy—V—le—py—B/ydy 9| 2
0 B

2
K, /B p).

(65)

Choosing =8 \/g, we can invert the Laplace transform
to obtain the exact pdf P(Tlx,) of the lifetime of a comet

8y X,
T

64
PTx,)= T;CO exp (66)

It is worth pointing out that in all three examples above,
the pdf P(Tlxg) of the first-passage Brownian functional
has a power law tail P(Tl xq) ~ T~ for large T and an es-
sential singularity in the limit 7 — 0. While the exponent
of the power law tail can be easily obtained using a scal-
ing argument, the essential singular behaviour at small T
is not easy to obtain just by a scaling argument.

Conclusion

In this article I have provided a brief and pedagogical re-
view of the techniques to calculate the statistical properties
of functionals of one-dimensional Brownian motion. It
also contains a section devoted to ‘first-passage’ Brow-
nian functional, a quantity that appears in many problems
but the techniques to calculate its properties are some-
what less known compared to the standard Feynman-Kac

2090

formalism for the usual Brownian functional. A simple
backward Fokker—Planck approach is provided here to
calculate the probability distribution of a first-passage
Brownian functional. Several examples and applications
of the standard Brownian functionals as well as the first-
passage Brownian functionals from physics, probability
theory, astronomy and in particular from computer sci-
ence are provided.

The techniques detailed in this article are valid for free
Brownian motion in one dimension. However, they can
be easily generalized to study the functionals of a
Brownian motion in an external potential. The external
potential can represent e.g. a constant drift™>*>* or a
harmonic potential®®. Alternately, the external potential can be
random as in a disordered system. The backward Fokker
Planck approach reviewed here has been particularly use-
ful in calculating exactly the disorder averaged distribu-
tions of Brownian functionals in the Sinai model****®’.

There are several open directions for future research.
For example, to the best of my knowledge, the properties
of first-passage Brownian functionals have so far not
been studied in disordered systems. The techniques dis-
cussed here could be useful in that direction. Though
there have been few studies of Brownian functionals in
higher dimensions, there are still many open problems
with direct relation to experiments'”> and more studies in
that direction would be welcome. Finally, the discussion
in this article is related to the simple Brownian motion
which is a Gaussian as well as a Markov process. In many
real systems, the relevant stochastic process often is non-
Gaussian and/or non-Markovian. It would certainly be in-
teresting to study the properties of functionals of such
stochastic processes.

In summary, I hope I have been able to convey to the
reader the beauty and the interests underlying Brownian
‘functionalogy’ with its diverse applications ranging from
physics and astronomy to computer science, making it a
true legacy of Albert Einstein whose 1905 paper laid the
basic foundation of this interesting subject.
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