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The random coil model is analysed to establish the
mathematical support behind it. In this approach Stir-
ling’s approximation, weight factor and improper in-
tegral (gamma function) are analysed in detail. A
correlation between the important modelling parameters
like radius of gyration, root mean square separation,
number of monomers and length of each monomer
unit is established. Finally this model is validated by a
standard object-oriented programming tool for a pro-
tein like serum albumin.
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THE random coil model is a helpful starting point for esti-
mating the orders of magnitude of the hydrodynamic
properties of polymers and denatured protein in solution.
This is the most fundamental model based on free rotation
of any single bond at any angle with respect to the pre-
ceding one.

In their pioneer work, Bloomfield er al.' adapted the
Kirkwood—Riseman* hydrodynamic theory, initially con-
ceived for rod-like or chain-like molecules modelled as
string beads, to calculate the hydrodynamic properties of
macromolecules of arbitrary shape. In the work of one of
the two authors, with Bloomfield and other co-workers,
the methodology was improved in regard to theoretical
aspects, model-building and computational aspects. A pro-
cedure was devised by Garcia de 1a Torre and Carrasco’,
for calculation of hydrodynamic properties of rigid macro-
molecules compared to the revolution of cylinders. A
computer program HYDROSUB' was developed and this
methodology was presented in the case of solution prop-
erties of the human antibody molecule immunoglobulin
G3 (IgG3).

The present work recently reviewed alternative strate-
gies for hydrodynamic modelling and hinted at a general
procedure to correlate the physical properties like radius
of gyration R,, Toot mean square separation Ry, and total
number of bonds N or monomers in random coil model®.
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An attempt has been made to establish the mathematical
support or basis behind these physical properties, and itis
finally validated through a standard software program-
ming language (C*™) for a protein molecule like serum
albumin.

Input model equations’: To start with, we highlight the
main equations which are analysed by their general mathe-
matical procedure and model building.

The probability P of the random coil model at the end-to-
end separation is determined by the following equations:

w
= (1)

P
where W is called the weight of the configuration and de-
pends on binomial coefficients.
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where N is the total number of bonds and is equal to
(Nr + N1), where Nr and N, are the number of bonds
pointing to the right and left respectively. Defining n as
the number of bonds for end-to-end separation, equal to
(Nr — Np), one can obtain the following equations for Ny
and Np:

Ny :[N;-nj and N :[Nz—n}

Now the general expression for the mean nth power of
end-to-end separation is:
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where N is the total number of monomers/bond and [ is
the length of each monomer unit.
For mean separation n = 1,

o 3
(R") = j4n[%] exp(—a*R>)R® dR
T
0
= 4z [%] Jexp(—asz)R3 dr. (5)
0

For mean of the square separation n = 2,

(R") = 47r[i] jexp(—asz)R“ dR. (6)
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Analysis®: Let us analyse model eq. (1). Taking logarithm
on both sides of eq. (1), we get
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InP=InN!-(nN !+In N+ NIn2). ¥

The reason for introducing logarithm is that it is easier to
make approximations. In particular, we can simplify the
factorials using Stirling’s approximation in the form:

1
yi=2m)"2 O exp(-y), (8)

with an error € less than 1.0% when y is greater than 10.
A larger value of y can also be handled by the above
equation. The factorials can be simplified using Stirling’s
approximation in the form:

InN!=In(27)"? +[N +%jlnN -N, 9)
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1 n N-n
+E(N—n+l)ln[l—ﬁj—[ 5 j, (10)
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Thus In P can be calculated as:

InP=InW—|In N-n I+In Ntn 1HH—NIn2
2 2
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—l(N+n+1)1n[1+l].
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(12)

Substituting #/N = x and expanding,

2

ln(l+x)=x+%+--- O<x<l),

2

ln(l—x)z—x+%—--- O<x<l).

We get the simplified form by applying the above
In(1 * x) series.

5 1/2 2
mP=In| —| ——,
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A{exp[—zn—Nﬂ, (13)

TN

232

Now, let us analyse model eq. (3).
(R"y=[R"f dr,
0

where

a

3
f=4n [T] R? exp(—asz),
T

and

1/2
a= > 3 .
2NI

Forn=1,

o0 3 o
<R>:.[Rde:4ﬂ[L] .[R3 exp(—asz)dR. (14)
0 0

N

The above is an improper integral of the first kind,
since in

b
jf(x)dx, a=0,b=co.

So the standard integration of this type
.[x3 exp(—azxz) dx
0

is solved. By applying methods of substitution and inte-
gration by parts, the integration becomes

| 1
— Lt _[ze_z dz |.
2a7 | Aoy

Assuming z as the first function and e¢™ as the second
function, the expression becomes

o peaCg L

Substituting this value in eq. (14), we get

8 1/2
<R>=[_] NY2L. (15)
3r
For
n=2, (R") :.[sz dr. (16)
0

Here another improper integration of the first kind is
solved by the Eulerian integral using gamma function. By
definition, the gamma function,

o0

I'n= _[exp(x)x"_1 de= m—-DI'(n-1)=m-1!
0
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Table 1.

Output model equations from analysed equations

Output model equations’’

Description of physical properties

R, 1s the root mean square separation of end-to-end and is described by J:; szdR.

N is the number of monomers or total number of bonds of random walk.

1/2
N (modified) = %(erms ]

R
R, (modified) = —=

J6

R, is the radius of gyration of freely jointed polymer chain.
For constrained chains, introducing degrees of freedom F = V2 for tetrahedral angle.

R = ij fdR; Ry is the radius of gyration of freely jointed polymer chain.
0

Table 2. Output of the program

Enter data Index ¢ 01
Enter the value of radius of gyration (Ry) in nm 2.98
Enter the value of bond length (/) in nm 0.154

47.409092£2.1
172.994812 £ 8.6

The value of R,
The value of N

Equation (16) becomes

o0

3
a .[R4 exp(—asz) dR.
0

TszdR:47r —
0

N

a7

Equation (17) is solved in the standard form

.[x4 exp(—azxz) dx.
0

Now by substituting a’x* = z, the integration is changed
to the form

o0 =
.[13/ 2 exp(-2) dz —_[z(g b exp(—z) dz
0 0

aS
1 (5 1 (3)(1 ™
= TIlZl=—|21|=
)
3
87(n.)llz
= NI (18)

Equation (18) is obtained by applying the method of sub-
stitution and putting the standard value of

F[%j:(ﬂ)m'

Output model equations™’ from analysed equations (eqs
(7-12) and (14-18)) are given in Table 1.
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Computational validation®: The output model equations
given in Table 1 are validated using an object-oriented
programing language (C™) software, which has been
developed in this study, using a standard protein like serum
albumin. The C-C single bond length [ = 0.154 nm and
radius of gyration R;=2.98 nm, from Corey-Pauling
rules for serum albumin (/ = 0.154 nm, R, = 2.98 nm and
M = 66 kg/mol). The values for [, R; and M (molecular
weight of biopolymer) were taken from the literature™’.

The output of the program is shown in Table 2.

The developed software can be executed by multiple
data index in case of other biomolecules like DNA, myo-
sin and tobacco mosaic virus with the supplied data of C-C
single bond length and value of radius of gyration.
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